Advanced Nonlinear Control Methods: Theory and applications

Homework exercises (28th August, Tuesday)
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We consider input-affine nonlinear systems of the form

& = f(z) +g(z)u
y = h(z)

Example 1. Let
x3sin(xy) 0
(a*) f(x) = [ &3 —x3xacos(x1) |, g(z)= ( 1 ) , h(x) =z1 + x3 — x9sin(xy).
sin

1 + T (x1)

Comment: very interesting zero dynamics.

o 0
(b) f(z) = %%ﬁgﬂm 7 9(55)( 0 ) h(z) = 21 + 2.

r2x3 _T2
xr1+1 r1+1
x1 sin(xq) z41+1
—x9sin(xq) 0
(€) flz) = co9@) = & | h(@) =23 1120,

—_—
Let the nominal input be: v* =1, ie. u=u" + @, then & = f(x) + g(x)u* + g(z)u.

x1sin (x1) 1
* T1 — x4 0
(d ) f(.f) = Tl — T3 ) g(x) = e _ 1 ) h(x> = Z2.
L1X2 0
x4+1
T3 — g7 — T1e™ 0
T4 _
(") f(z) = x9e  g(z) = arctan(zs)  h(z) = 24 — 2100,
—x1 — I3 0
—ry — PR —x1 arctan(xs)
T1T3 0
_ —x3 B arctan(zs) o
(f*) f(x) - 1Ty — T3 ) g(l’) - 0 ) h(.%') = T4 T1T2,
x3(xq — x1) x1 arctan(zs)

=200 1),



@) fla)= (‘ff@)ﬁ}), g(z) = ( S;v_v’”)’ hz) = o2, ulwe) = s f; =

Continuous fermentation process V =4, Sp =10, Y = 0.5, K; =0.03, Ky =0.5.

$11‘2—a}‘;’ 0
Wy f@=| | e =] L k) =
3
T3+ 29 0

It is not obvious how to compute z = ®~!(2). Use assumeAlso( z2+z3+1-z4"2 > 0 & x3 > -1 ).

0 er2
() f@)=|z1+22], gz)=[e2], h(z)=2zs3.
Tl — T2 0
x3(1 + x2) 0
(4) flx)= 1 , glx)=14z2|, h(z)=ux.
x2(1+ 1) —3

Tasks for each model (a-j):

1. Determine the relative degree (r) of the system.

2. Select an appropriate linearizing coordinate transformation and nonlinear feedback for this system.

Hint.
h(z)
21 = h(x) Zrg1 = Gry1 () L
... new coordinates: z = ®(z) = Ly 'h(x)
r—1 ¢r(x)
Rr = Lf h('r) Zn = QZ)n(I)

Try to choose functions ¢,11(z), ..., ¢n(x) such that Lyg;(x) = 0.

3. Determine the inverse transformation z = ®~1(2). If the system is exact linearizable (the relative
degree 7 is equal to the order of the system n), you are not required to compute ®~!(z).

4. If the system is not exact linearizable, give the equation of the zero dynamics using the computed
inverse mapping ®~!(z). Is the zero dynamics stable?

5. Stabilize the controllable (i.e. linear) part of the system.

6. Simulate the closed loop in Simulink.
Comment: some models have an unstable zero-dynamics, nevertheless, you try to design a stabiliz-
ing controller, but do not be disappointed if you do not succeed.
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Example 2. Compute the controllability manifold for the following models:

—x3 cos?(r) cos?(x1)
(™) f(z) = T3 — T2 , g(x) = 1
2tan(zy) + z2 — 223 2

Comment: Requires some manual computations to find a common solution for

<%79($)> =0, <%,adfg(:c)> =0, <%,ad§g(x)) —0,

—222471 (T2 +273—2)+273 2(x1+2)
x2+x;;)+2 T2 +w3+2
(b*)  f(x) = WLi;?ff? , g(x) = 1
z1

Comment: Relatively easy to find a common solution for

ou Ou ou

(Ol o) =0, (5 adsg@) =0, (5% ad3g(e)) =0,

Notations:
adrg(z) = [f, g] is the Lie bracket of f(x) and g(x).
adfcg(ac) = [f,[f,g]] is the Lie bracket of f(x) and [f, ¢g].
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