Isidori I., Example 1.6.4

m System of PDE (cannot be solved in a such way)

ni7e- Clear[gradu]
gradu = Grad[u[x, y, z, t], {x, y, z, t}]
DSolve[{gradu.{1, 0, 0, y} == 0, gradu.{0, 1, 0, x} =0}, u[x, y, z, t], {x, y, z, t}]

oul[177] {u(1,o,o,o) (X, ¥, z, t], ul®L0:0) 1 vy 7z t7, ul®®LO)x v, 7z, t], ul®®01) x vy 7, t}}

ourrs- DSolve[{yu(® 021 x, y, z, t] +ult-0-2 0 (x, y, 2, t] =0,

x ul0:0.0,1)

X, Y, 2, t] +U<0'1'0'0> [XI Y, Z, t} == }I u[Xl Y, Z, t]r {X' Y, Z, t}]

Unfortunately, this cannot be solved

m PDE of the system can be solved one by one
nies- ClearAll[x, u, gradu]

gradu = Grad[u[x, y, z, t], {x, y, z, t}];

In[200]:= gl = {1' 0, 0' Y}F
92={0,1, 0, x};

nzozi- DSolve[gradu.gl == @, u[x, y, z, t], {x, y, z, t}]
oupoz- {{ulx,y, z, ] > C[1]1[y, z] [t-xy]}}

The solution (C[1][y, z][t- xy]) of the first equation can be interpreted as a function of y, zand of t- xy.
For example:

neizi- U= (Sin[y z] +2z) (t-xy);
Simplify[Grad[u, {x, Yy, Z, t}] .gl]

outi213]- 0

in21g)= U = (Sin [y z] + Z) Sin [ (‘t -X y) Z+ y] ;
Simplify[Grad[u, {x, y, z, t}].9g1]

outi219]= 0

DSolve[gradu.g2 == @, u[x, y, z, t], {x, y, z, t}]
{{urx, y, z, t1 > C[1] [x, z] [t-xy]}}

From these solutions we can give a common solution.
Some examples: u1(x) = X4 — X1 X2, Uz(X) = X3
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niz241- ClearAll[x, g, u]
x = {x1, x2, x3};
g = {Exp[x2], 1, 0};
gradu = Grad[u[x1, x2, x3], x];
DSolve[gradu.g =0, u[xl, x2, x3] ) x]

. Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for
complete solution information.

Ou228]= {{u[xl, x2, x3] » C[1] [x3] [®? _xlm

A solution for the PDE can be: u(x) = €* — xy + C(x3)
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Example 1 (a)

Inf229= X = {Xl, XZ, X3};
g=1{0,1, Sin[x1]};
gradu = Grad[u[x1, x2, x3], x];
DSolve[gradu.g = 0, u[x1, x2, x3], x]

oupsz- {{u[x1, x2, x3] -» C[1] [x1] [x3-x2Sin[x1]]}}

From this output you can give a function(s) ¢;(x) such that Ly ¢i(x) =0.

Example 1 (b)

x = {x1, x2, x3};

X2
9-{o. 0, x1+1}'

gradu = Grad[u[x1, x2, x3], x];
DSolve[gradu.g = 0, u[x1, x2, x3], x]

{{urx1, x2, x3] - C[1] [x1, x2] }}

From this output you can give a function(s) ¢;(x) such that Ly ¢;(x) =0.

Example 1 (c)

X = {xl, X2, X3, x4};

1 x2
9 = ’ 0! ’ 0 H
{X4+1 x4 +1 }
gradu = Grad[u[x1, x2, x3, x4], x];

DSolve[gradu.g = 0, u[x1, x2, x3, x4], x|
{{urx1, x2, x3, x4] - C[1] [x2, x4] [-x1x2+x3]}}

From this output you can give a function(s) ¢;(x) such that Ly ¢i(x) =0.

Example 1 (d)

Ine5]:= X = {Xl, X2, X3, X4};
g={1, 0, Exp[x4] -1, 0};
gradu = Grad[u[x1, x2, x3, x4], x]|;
DSolve[gradu.g = 0, u[x1, x2, x3, x4], x|

oues- {{UIx1, x2, x3, x4] - C[1] [x2, x4] [x1 - e x1+x3] }}

From this output you can give a function(s) ¢;(x) such that Ly ¢;(x) =0.
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Example 1 (e)

Infi11= X = {Xl, X2, X3, X4};
g-= {0, ArcTan[x3] , 0, x1 ArcTan[x3]};
gradu = Grad[u[x1, x2, x3, x4], x];
DSolve[gradu.g =0, u[x1, x2, x3, x4], x|

ourna- {{ux1l, x2, x3, x4] - C[1] [x1, x3] [-x1x2+x4]}}

From this output you can give a function(s) ¢;(x) such that Ly ¢i(x) =0.

Example 1 (f)

X = {xl, X2, X3, x4};

g = {0, ArcTan[x3], 0, x1ArcTan[x3]};
gradu = Grad[u[x1, x2, x3, x4], x];
DSolve[gradu.g = 0, u[x1, x2, x3, x4], x]

{{urx1, x2, x3, x4] - C[1][x1, x3] [-x1 x2 +x4] }}

From this output you can give a function(s) ¢;(x) such that Ly ¢;(x) =0.

Example 1 (g), continuous fermenter

x2

T K2x22+x2+K1
X = {xl, x2};
h = x2;

w82
f-{uxl, y }

x1 x2 x1 x2 }

In[317]:= M

Out[320]=

K1 + x2 + K2 x22 (K1+x2+K2 x22) Y

—

x1 Sf-x2
n@g2il= g=q9=—, —+;
321 { v V }
gradu = Grad[u[x1, x2], x];

DSolve[gradu.g = 0, u[x1, x2], x]

—Sf+X2}}}

Out[323]= {{U[Xl, x2] - C[1] { .
X

Example 1 (h)

X = {xl, X2, x3, x4};
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f= {x1x2-x13, x1, -x3, x1? +x2};
g={0,2+2x3, 1, 8};

h = X4;

gradu = Grad[u[x1, x2, x3, x4], x]|;
DSolve[gradu.g = 0, u[x1, x2, x3, x4], x|

{{u[xl, x2, x3, x4] > C[1] [x1, x4] [i (7x2+2x3+x32)”}

Example 1 (i)

meeo- X = {x1, x2, x3};
z = {21, z2, z3};
f= {o, x1+x22, x1-x2};
g = {Exp[x2], Exp[x2], 0};
h = x3;
gradu = Grad[u[x1, x2, x3], x];
eqn = gradu.g == 0;
DSolve[eqn, u[x1, x2, x3], x|

ouser- {{U[x1, x2, x3] - C[1] [x3] [-x1+x2]}}

Example 1 (j)

InB74)= X = {Xl, X2, X3};
z= {zl, z2, z3};
f={x3(1+x2), x1, x2 (1+x1)};
g={0, 1+x2, -x3};
h = Xl;
gradu = Grad[u[x1, x2, x3], x];
eqn = gradu.g == 0;
DSolve[eqn, u[x1, x2, x3], x|

out[381]= {{U[Xl, x2, x3] - C[1][x1] [(1+X2) X3”}
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Example 2 (a), Controllability from LTI

Inf424]:= X = {Xl, X2, X3};
z = {21, 22, z3};
-x3 Cos[x1]?
f= -X2 +x3 ;
x2-2x3+2Tan [xl]

Cos[x1]?
g-= 1 ;

2

adfg = Simplify[Grad[g, x].f-Grad[f, x].g];

adffg = Simplify[Grad[adfg, x].f - Grad[f, x] .adfg];

in4341- gradu = Grad[u[xl, X2, X3] , X];
DSolve|[ (gradu.g) [[1]] =0, u[x1, x2, x3], Xx]
DSolve| (gradu.adfg) [[1]] =0, u[x1, x2, x3], X]
DSolve[ (gradu.adffg) [[1]] == 0, u[x1, x2, x3], X]
oupss- {{ux1, x2, x3] » C[1] [x3-2Tan[x1], x2-Tan[x1]]}}

Outi436]= {{u[xl, x2, x3] - C[1] [% (2x3-Tan[x1]), i (2 x2+Tan[xl})H~}

ouer- {{ux1l, x2, x3] » C[1] [x3+Tan[x1], x2+2Tan[x1]]}}

Example 2 (b), Controllability from LTI

Indo7]= X = {Xl, x2, X3}F
z = {21, 22, z3};

-2 x1%2+2 x3+x1 (-2+x2+2 x3)
2+X2+Xx3

f = -2 x2+x1 (2+x3) ;

2+x1
-x2 -x3

2 (2+x1 J

2+x2+x3
g-= 1

1
adfg = Simplify[Grad[g, x].f-Grad[f, x].g];
adffg = Simplify[Grad[adfg, x].f - Grad[f, x] .adfg];




nsos- gradu = Grad[u[x1, x2, x3], x];
DSolve[(gradu.g) [[1]] =0, u[xl, X2, x3] , x]
DSolve[ (gradu.adfg) [[1]] == @, u[x1, x2, x3], x]
DSolve[(gradu.adffg) [[1]] =0, u[xl, x2, x3] , x]

o {{U[Xl, %2, x3] - C[1] [7 -2-Xx2-x3 77474x27x1x2+x1x3]}}

2 (2+x1) 2 (2+x1)
— {{u[xl,xZ,xB}»C[l][—2+X2+X3,—472X272X1X27X1X3]}}
2+x1 2+x1
2 (2+%X2+X3 _8-_
. {{u[xl,x2,x3}»C[l][ (2+x2+x3) . 8 2X2+X1X2+2X1X3]}}
2+x1 2+x1

Example 3, Controllable manifold,
fed-batch fermenter

x2

p= ———;

K2 x22 + x2 + K1
x = {x1, x2, x3};
h=S;

- _kxl
f_{uxl, . ,0}

x1 Sf-x2
i {_ g' x3 ' 1}
{ x1 x2 x1 x2

KL+ x2+K2x22 (K1+x2+K2x22> y' G}

x1 Sf-x2
{75' x3 'l}

adfg = Simplify[Grad[g, x].f-Grad[f, x].g];
adfg // MatrixForm
x1 (Sf-x2) (-K1+K2 x2?)
(K1+x2+K2 x22)% x3
x1 (Sf-x2) (-K1+K2 x2?)
(KLex2+K2 x22)2 X3 Y

0

adffg = Simplify[Grad[adfg, x].f - Grad[f, x] .adfg];
adffg // MatrixForm
_ x1% (K1% Sf-K2 (1+K2 Sf) x2%-K1 x2 (-2 Sf+x2-4 K2 Sf x2+4 K2 x2?} )
(K1+x2+K2 x22)* x3 Y
x12 (K12 Sf-K2 (1+K2 Sf) x2*-K1 x2 (-2 Sf+x2-4 K2 Sf x2+4 K2 x2%))
(K1+x2+K2 x22)* x3 Y2

0

Integral_PDE_Public.nb | 7



8 | Integral PDE_Public.nb

gradu = Grad[u[x1, x2, x3], x];
DSo'I.ve[gradu.g =0, u[xl, x2, x3] , x]
DSolve[gradu.adfg == 0, u[x1, x2, x3], x]
DSolve[gradu.adffg == 0, u[x1, x2, x3], x]

{{u[xl, x2, x3] - C[1] [Sil x2 » X1 X3]}}
{{urx1, x2, x3) > €17 (x3) [X1+YX2Y}}}
{{u[xl, x2, x3] - C[1][x3] [%H‘}

We try to find a common solution for the three different PDE:

-Sf+x2 1
Expand[( *X +—)*x1x3]
x1 Y

—Sfx3+x2x3+X1X3
Y
1+x2Y
Expand[ (i - Sf) * x3]
Y
—Sfx3+x2x3+X1X3
Y
1x3
Solve[—Sf X3 + X2 X3 + XX =a, x3]
Y

ayY
HX?)% x1—SfY+x2Y}}
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PLot3D[ ——2"—— /. {a- -4, Y- 0.5, S 10},

x1-SfY+x2Y
{x1, 0, 4}, {x2, 0, 4}, PlotRange - {{0, 4}, {0, 4}, {0, 35}}]




