1 MIMO, v — vy, passivization, feedback equivalence
with a passive system

Having an LTI MIMO system, which is somehow fed back through a controller (either tuned by
output vector or by the full state vector). The actuator is assumed to be faulty. We intend to
detect its fault using system inversion.|. However, the system is not invertible, since its zeros
are unstable and/or its vector relative degree (v.r.d.) is more than 1, therefore, we augment the
system with an additional (linear) dynamics, which is tuned by the system’s output y and the
designed control input u, hence its resemblance to an observer.
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The goal is to chose matrices L, Cy, D; such that the system u — y, be feedback equivalent to
a passive system and the v.r.d. of u — y, be 1.
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1.1 Numerical example — MIMO

Having an LTI system with matrices:

6.1 1.4 -0.33 —-1.8 0.88 —0.88
-3.2 0.5 027 0.14 —0.068 0.068
A= 14 -15 0.58 0.14 —0.07 0.07 B =
- —-0.76 —1.2 —-0.13 085 1.1 -
0.38 0.61 0.067 2.7 36 —1.6
—0.38 —0.61 —0.067 0.59 1.7

C = (—0.15 —0.24 —0.026 —0.2 0.6 —0.6)
- 0.39 0.17 -1 0.58 0.21 —1.2
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Its transfer function and its zeros are:
s—1 1
(s+1)(s—2) s—3
(s+2)(s—T) s—6 (2)
(s=5)(s=1)(s—2) (s—2)(s—3)
tzero(H) = (7.2854 0.0214 3 2 1.8361)

H(s) =

This system does not have a relative degree {1, 1}, since

j=CAz+CBu, CB = G }) (3)

2 Separation principle
K,L =rplace, G = 1,,, C1, D; = sdpvar

i = Ar + Bu 21_<A 0 ) §—<B>
OLS: { #=LCz+(A—LC)i+Bu = °\LC A-LC)’ 7" \B) (4
yp:chI—i—lei' CO:(ch Cl)
> A 0 o~
A= _ BK, B=B,G
CLS: u=-KX+Gu = (LC A—LC) (5)
C=(D,C )
V(X) §7"Typ+ygr—ypTWyp, where W = 0, V(X) = X"PX, P=P" =0 (6)
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Equivalently: (it could be only negative semi-definite)

ATP 4+ PA+CT™WC PB—-CT
0: /\T ~
M BTp_(C 0

)jO, but 4 0 (8)

Using Schur’s complement lemma: (it could be only negative semi-definite)
ATP+PA PB-CT (T
My=| BTP-C 0 0

C 0 w1

<0, but £0  (LMI) 9)

2.1 Numerical results

Before optimization:

p=(-2 —18 —16 —14 —12 —1)

—9.45 —82.2 206 57.3 —193 —199
—85.7 587 —=50.2 —-0.158 16 16

534 —0.398 0.323 —0.888 0.443 —0.445 (10)
505 3.6 —3.13 161 327 —0.0894

LT = place(A”, BT p)' = (

K =place(A, B,p) = (

()

Ezaltal kaptunk egy stabil observert és az observer altal megfigyelt allapotot visszacsatolva egy
stabil zart hurkot.

Ezek utan valasszuk meg C és Di-et tgy, hogy a zart rendszer passziv is legyen, tehat az
open-loop rendszer feedback ekvivalens egy passziv rendszerrel és az r = {1, ..., 1} by construc-
tion teljesiil, ezért az open-loop rendszer minimum fézisi.

Az optimalizaciés eljaras utan kapjuk, hogy:

- 281 —0.758 —-7.06 2.13 598 —12.3 D — —-7.18 —6.53 (11)
7 \-139 —221 —0601 —-198 64 —62)" 7' \—-10.3 —0.0594

Poles and zeros of the open-loop system:

POLES=(5 —1 2 1 3 2), ZEROS = (—0.31+il.14 —0.31 —41.14 —0.35 —0.22)
(12)

3 Megvalésithatésagi tanulmany — operatortartomanybeli

D,
bo(s) | U | Yp

p.
N

analizis

‘ ao(s)
[ o]
1B ]
D1L+ D1L+Ly = Dly
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Szerintem ez MIMO esetben is jé (a(s) és a,(s) skalar, minden egyéb matrix):
— Diy+§ = ——Dub(s)u+ ——by(s) [ ——Lb(s) + B
BTl T (e ) )
1 1 1
Ge(s) = —D1b(s) + bos(—Lbs+B)
( ) a(s) 1 ( ) 0,0(3) ( ) @(S) ( ) (14)
1 1
Ge(s) = leb(s)ao(s) + mbo(s)(Lb(s) + Ba(s))
1
Ge9) = vl (D1b(s)ao(s) + bo($)LE(s) + bo(s) Ba(s))
Tehat az 1j szamlalo:
be(s) = D1b(s)ae(s) + by(s)Lb(s) + by(s)Bal(s) (15)

A piros tagok lehetnek instabilak. Kék: megvélaszthaté szabad constans. Mivel a,(s) skalar:

be(s) = <ao(s)D1 n bo(s)L> b(s) + bo(s)Ba(s) ¢ legyen stabil (16)



Numerikus példaval illusztrdlom, hogy ez valoban lehetséges:

G(s) = ZEZ)) =5 - 355+ 5 A= G’ 02) . B= (g) L C=(05 —25)
bo(s) 1

ao(s) T 43512
be(s) = (D1 +2)s* + (4 — 2Dy)s* + (—13D; — 2)s — (10D; + 4)

place

observer: L = <__153>, C = (1 —1) = Go(s) =

(s+9 —s—25)

Di=—1
=5 +65°+1ls+6=(s+3)(s+2)(s+1)

s+ 3
dé atviteli fiiggvény: G.(s) = ———
ered6 atviteli fliggvény (s) 23540 .
17
Masik példa (ami a relativ degreet is megjavitja):
s—5 T Place
G(s) = G 3512 L' =" (=193 —212 —52), C;:=(1 1 1), D;:=0.1
2441 3.9
G.(s) = s*+4.1s +

$3 —652+11s—6
(18)
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