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1 Crane model (rakod6é darumodell)

Consider the following mathematical model of a crane machine. For
the sake of simplicity, we restrict the motion of the carried weight
to the (y,z) plane. In the model we identify the following time-
dependent (state-) variables:

e R = R(t) denotes the actual position of the car on the rail,
e L = L(t) denotes the actual length of the wire, (y,2)

e 0 =0(t) denotes the actual angle of the wire with the vertical. Figure 1. Kinetic model of the crane
machine.

Know parameters (constants):

e p is the radius of the pulley!. In the geometrical expression the radius of the pulley is neglected, eg.
if the angle is & = 0 and the position of the car is R = 0 than the position of the weight along the y
axis is considered to be R.

e M is the mass of the car
e m is the mass of the lifted weight

e J is the moment of inertia? of the pulley.
Manipulate inputs are the following:

e [ is the driving force applied to the car
e T is the torque applied to the pulley

Measured quantities: R(t) and L(t).

Tekintse az dbran lathato rakodd darut. Az egyszertiség kedvéért a teher mozgasat az (y, z) fiiggsleges
stkra korlatozzuk. Jelolje R a sinen mozgd kocsi y iranyt pozicidjat, L a sodrony hosszat és 6 a sodrony
fliggSlegessel bezart szogét. Ismert geometriai paraméter a sodronyt tekercseld dob sugara, melyet p-val
jeloltiink. (A geometriai Osszefiiggésekben a dob sugarat elhanyagoljuk, azaz 6 = 0 esetben R = y).
Szintén ismertek az inercia paraméterek: M a kocsi tomege; m a mozgatott teher tomege és J a sodronyt
tekercsel6 hajtas és a dob tehetetlenségi nyomatéka.

A beavatkozo jelek:

e I’ a kocsira hato erd

e T a sodronyt tekercsel§ dobra hatd forgatonyomaték

A mért kimeneti valtozok: R és L.

The system’s kinetic energy is a composition of the followings:

Lsheave or drum: tekercseld csiga vagy tekercsels dob
2tehetetlenségi nyomaték



MR?

1. the kinetic energy of M is Ty =

2
muv?
2. the kinetic energy of m is T,,, = 5
Jo?  JL?
3. the kinetic energy of the pulley is Ty = o =52
p

The system’s potential energy is the potential energy of m, that is V;,, = mgL(1 — cos6).
The system’s Lagrangian is
MR2  mw?  JL?

L=T-V=
T

—mgL(1 — cosf)

The velocity v of m has the following components (see Figure 1):
v = Léet + Rem + Len
Since e; L e,, the square of the norm of v can be computed in the following way
v=|v|? = (v,v) = L?0* + R? + [.? + 2LOR(e;, e,) + 2RL(en, ;)
= L?0%> + R* + L? + 2LOR cos 0 + 2RL cos (g — 9)
= L?0> + R*> + L? + 2LOR cos 0 + 2RLsin 0
Therefore, the Lagrangian can be written in the following form:

M +m)R? n mL26? N mL? JIL?

( . L
L= 5 5 > +mLORcos® + mRLsin6 + 202 mgL(1 — cos @)

The Euler-Lagrange equations are the following:

doL oL d . ; ;o
—&ﬁ—ﬁ—a((M—l—m)R—i—mLHcos&—i—mLsm&)
= (M 4+ m)R +mLf cos§ +mLf cos § — mLO?*sin @ + mL sin 6 + mLb cos §
= (M 4 m)R + 2mL# cos § + mLA cos § — mL6? sin O + mL sin 0

Second equation:

doL oL d : : JL ) .
=%ar a1 - a\™L I = - mLe? - 1
At 9f, 0L dt( +mRsinf + p2> mLO* — mlR cosd + mg(1l — cos )

= <m+ ﬁ)ﬁ—i—mésin@—i—mﬁﬁ&:&sﬁ—mL@é —mlR cos f +mg(1 — cos )
p
T\ . . .
= <m + p2>L +mRsinf — mLO? + mg(1 — cos V)
Third equation:
doL oL d

Tty a(mLQQ.—FmLRcosH) +mLARsin® — mRLcos® + mgLsinf

(A1)

(A2)

= 2mLLO +mL?0 + mLRcos +mLER cos —mLRIsin6 + mLORsin 0 — mRL cos§ +mgLsin g

= 2mLLO + mL*0 + mLR cos 0 + mgL sin 0
Dividing by L we get:
0 = 2mL6 + mLO + mR cos 0 4+ mgsin 0

(A3)

In equilibrium point the torque is Ty = mgp. Let T' = Ty + 7 be the net torque. Furthermore, we consider

version: 2019.11.15. — 08:19:19 2 Crane model



an F' external force applying to M. Therefore, the equations of motion could be written as follows:
F = (M +m)R + 2mLf cos 0 +mLf cos § — mLO*sin 6 + mL sinf
T mg—+T

= = <m+g)ﬁ—i—mlésinﬁ—ml}ﬁ?—mgcosﬂ (5)
p p p

0= 2mLl + mLf + mR cos § + mgsin 0

We considering the following operating point parameter values (munkaponti paraméter értékek):

Ry, Lo, ©9=0, Fy=0, Tp=mgp (6)
Than we center the input and state variables:
R=Ry+r, L=Lo+Il, F=F+f T=Ty+r7 (7)
Substituting these expressions into (5), we get:
f —2mif cos @ + mb*(Lo + 1) sinf = f@ifn_@—i—’i; (M +m) 46 m(Ly+1) cos 6 (8)
by a1 aiz ais
M(Lo +1)8% — mg(1 — cos) — = =1 <m + ‘2) +i msin§ (9)
g p p e
b2 a1
—2mlf — mgsinf = i (nﬁcgs_@—i—é m(Lo +1) (10)
b as2 azs

Let us introduce the following state and input variables:

ml:l. :E?’:?_" x5:9. - = $1 w =1 — u:<u1> (11)
To =1 Ty =T r6 =0 T6 U2 =T u2
Then, the resulting nonlinear state equation is the following
T T2 fi(z,u) T [ an aw a \ [ b fa(x,u)
3| = 2| =|faslw,w) |, (Ta|=]|7F)=| azr an 0 by | = | fa(z,u) | (12)
.’t5 T6 f5 (x, u) jfﬁ 9 0 a3z ass b3 f6 (.CE‘, u)
Computing the matrix inverse, we get
Ja(z,u) 1 a13a32b2 — a12a33ba — ai3a22b3 + aszaszzby
fa(z,u) | = a13az1bz + aryazsbs — as1aszby (13)

(1122033 — 12021033 + 413021032
Jo(x,u) a11a22b3 — a12a2103 — a11a32b2 + asiasaby

Therefore, the nonlinear state-space model can be written as follows:

)

)
&= F(x,u), where F(z,u)= /3 ; (14)
)
)

In order to get a linearized model (in the operating point (xg = 0,up = 0), we considering the second
order Taylor polynomial of F(z,u):

F(z,u) ~ F(xo,uo) + [aFéz’“)] x:o(g” —z0) + [W} 0(u — ) (15)
u=0
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Since F'(zg,up) = 0, the linearized model is & = Az + Bu, where:

0 1/0 0 0 0
0 0/0 0 0 0
A_[@F(x,u)] 1 00j0 1 0 0 B_{@F(x,u)] B
1T 9z lao [ O O0]0 O o 0 | 0w e=0
u=0 0 0/0 0 0 1 u=0
0 0f0 0 -2 g

As one can immediately observe, we obtained two decoupled subsystems in the linearized model:

51 = Alfl + By, where A = (0 1> ,

& = Ak + Baof,

where

00
0 1 0
0 0 o
A2=19 o 0
(M+m)
00 %557

The new state vectors £ and & are the following:
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a=(;

z
= <.’IJ2> ) {2 =

D I 3

=

) BQZ

o = O O

T4
L5
T6

0 0
0 _mpg—i-J
0 0
1
e 0
0 0
1
T LoM 0
(16)
45)
_ P
mp2+J
0 (17)
M
0
_ 1
LoM
(18)
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