Computer Controlled Systems

1 HOMEWORK

1 Homework

1.1 problem
T _l + l
xrp = CJTQ CU
1 R
) Z.’El fo
y = Rxa
1.1.1  (a)
With
_1 1
-1 = o-1d]
{i I 0
=[0 R D=0
and x = [xl]
To
T = Az + Bu
y = Cx + Du.
1.1.2  (b)
H(s)=C(sI —A)'B+D= n
N  CLs2+CRs+1
1.1.3  (c)
h(t) = L~ '{H(s)} = 100e " sin 4t
1.1.4 (d)

Since A € R%2X2 the eigenvalues can be calculated from the equation
M —trAN+det A=0 = X\ o=-2+4j

1.1.5 (e)

For 1 1
V(z)=EpL+ Ec = iLx% + 503}%

we have V(0) =0, V(z) > 0 for all z # 0 € R? since L,C > 0 € R. Furthermore we have

V(z) = <‘9V > — [Ca) Las) Av = —Ra3

oz "

thus V(z) < 0 for all # # 0 € R2. This means that V' is an appropriate Lyapunov function.

1.2 problem
&1 = —kizy
L.EQ = klxl — k’gIQ +u
.fg = k‘gxg — /4}3333
.%"4 = ]{?35(]3 — k4$4

Yy=2x3
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1.2.1 (a)
With
—k; 0 0 0 0
|k ke 0O 0 1
A=10 k B=1y
0 0 ks —kg 0
c=[0 0 1 0 D=0
Ty
and x = T2
T3
T4
T = Ax + Bu
y = Cx + Du.
1.2.2 (b)
0 O 0 0
1 —k k3 —k3
— 2 3 _ 2 2 2
Ca=[B AB 4B A°B]=|, ky —k} — koks k3 + k3ks + kok32
0 O koks —k3ks — kok? — koksky
C 0 0 1 0
Oy — cAl 0 ka —ks 0O
T lcar| T Ky ko —k3 — koks k3 0
CA3 —k‘%k‘g + k‘1k/’§ — kikoks k;’ + k%kg; + k2k32, —k’g’ 0
1.2.3 (c)

It is easy to see that rank Cy = 3, thus
X, =ImC; = span {B,AB,AQB}.

Similarly rank O4 = 3, thus

_— o o o

1.2.4 (d)

1. The controllability subspace is the set of state vectors, which can be reached in finite time with some input,
i.e. for any input the systemt stays in this subspace. This makes sense, since in the first compartment the
amount of water cannot be influenced by the input.

2. The unobservability subspace is the set of initial values, which cannot be distinguished from each other
measuring the output. This means that if only the fourth compartment had water in it, than the output
would be the same. This makes sense, since from the fourth compartment the liquid just disappears from
the system without incluencing the output.

1.2.5 (e)

We can easily see that
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is a minimal realization, since it is jointly controllable and observable. To be sure we can check that

ka

H =C I_AilB D:Orn I_Am 71Bm+D’m:—'
(5) =C(sI = A)" B+ (s ) T 5+ k) (5 1 k3)
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