Chapter 2
Crane Mathematic Model

Abstract This chapter examines the dynamics of overhead cranes. Concerning
single-pendulum-type overhead cranes, their equations of motion are first presented
by means of its Euler—Lagrange equations. Subsequently, the equations of motion
are extended to double-pendulum-type overhead cranes. The two models are pre-
sented as references for examples throughout this book. Since the two models are
established under some ideal assumptions, some uncertainties associated with real
applications are discussed next. In addition, the chapter proceeds with the analysis
of oscillations for pendulum-type motions on the basis of linearized models of the
two types of overhead cranes. The analysis distills the essential properties of each.

Keywords Overhead crane modeling - Single-pendulum dynamics
Double-pendulum dynamics - Uncertainty

2.1 Modeling of Single-Pendulum-Type Cranes
2.1.1 Modeling

Figure 2.1 shows the coordinate system of an overhead crane system with its
payload. Apparently, the crane system consists of two subsystems, i.e., trolley and
payload [1]. The former is driven by a force. The latter is suspended from the trolley
by a rope.

Other symbols in Fig. 2.1 are described as the trolley mass M, the payload mass
m, the rope length L, the swing angle of the payload with respect to the vertical line
6, the trolley position with respect to the origin x, and the driven force applied to the
trolley f.

Consider that the crane in Fig. 2.1 is static and the payload is in its downward
position. If the trolley moves toward the right direction by a positive driven force,
then the payload will rotate clockwise. Apparently, the payload angle 8 is inherently
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Fig. 2.1 Structure of the
single-pendulum-type y
overhead crane system

a pendulum-type motion. For the purpose of simplification, the following
assumptions [2] are given.

The payload is regarded as a material particle.

The rope is considered as an inflexible rod.

Compared with the payload mass, the rope mass is ignored.
The trolley moves in the x-direction.

The payload moves on the x—y surface.

No friction exists in the system.

Using Lagrangian method, the Lagrangian equation with respective to the
generalized coordinate g; [3] can be obtained as

d [OLa OLa
hl _ = _T 2.1
dr ( 8(], > aqi v ( )

where i = 1, 2, La = K — P (K means the system kinetic energy and P denotes the
system potential energy.), g; is the generalized coordination (here, ¢, and ¢, indi-
cate x and 6, respectively), and T; is the external force.

According to the assumption that the payload is regarded as a material particle,
the system kinetic energy in Fig. 2.1 can be depicted as

1 1
K = =M+ + —m* 2.2
5 x2+2mv (2.2)

here, v is a vector and it denotes the payload velocity, defined as

vi=12 2 (2.3)

v

where v, = & + L0 cos 0 and vy = —L0 sin 0. Note that the payload is assumed to be
a particle such that its moment of inertia is not considered in (2.2). When it is failed



2.1 Modeling of Single-Pendulum-Type Cranes 53

to assume that the payload is a particle, its moment of inertia has to be taken into
considerations.

From Fig. 2.1, the potential energy of the trolley subsystem is kept unchanged.
Owing to this fact, the system potential energy in Fig. 2.1 is only exhibited by the
potential energy of the payload subsystem, defined as

P =mgL(1 — cos 0) (2.4)
Here, g is the gravitational acceleration. From (2.2) and (2.4), La has the form

1 1
La:K—PZEMjcz—&—Emvz—mgL(l —cos 0) (2.5)

Consider the variable x. Differentiating La with respect to x in (2.5) yields

OLa

=0 (2.6)

Differentiating La with respect to x in (2.5) yields

% = Mx + m(x + L0 cos 0) (2.7)
X

Further, differentiating (2.7) with respect to time ¢ can have

d (0L
dr \ Ox

) = Mjé—&—m(jé +LOcos O — L sin (9) (2.8)
Finally, the Lagrangian equation with respective to x has the form

= (m+M)k+mL(écosefézsin6) =f (2.9)

d (OLa\ OLa
dr \ Ox ox

Consider the variable 6. Differentiating La with respect to 8 in (2.5) yields

L. . .
% = m|(x + L0 cos 0)(—L0Osin 0)
+ (LOsin 0)(LO cos 0)] — mgLsin 0 (2.10)
= —mLx0sin 0 — mgLsin 0
Differentiating La with respect to 0 in (2.5) yields
OLa [( + LO cos 0) (L cos 0) + (—L0 sin 0)(—L0 sin 0)]
— =m|{X — —
90 (2.11)

=mLi cos 0 + mL*0)
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Further, differentiating (2.11) with respect to time ¢ can have

E (%) — mLXcos 0 — mLi0) sin 0 + mL>0 (2.12)
dr \ 90

Finally, the Lagrangian equation with respective to § has the form

d (OLa OLa . 2 .
a(%> —%—mLxcosé)—i—mL 0+ mgLsin0 =0 (2.13)

From (2.9) and (2.13), the dynamic model [4] of this overhead crane system with
respect to x and @ can be obtained by means of the Lagrangian method.

(m 4+ M) % 4+mL(0 cos 0 — 0% sin 0) = f (2.14)
Xcos 0+ L0+ gsin0 =0 (2.15)

Further, the above dynamic model composed of (2.14) and (2.15) can be
transformed to the following state space model [5], formulated as

jC] = X2
¥ = fi(x) + b1 (x)u (2.16)
jC3 = X4 '

i3 = H(X) + by (X)u

Here, x = [x1, x2, X3, x4]T; X1 =x; x3 = 0; x, is the trolley velocity; x4 is the
angular velocity of the load; u is the control input; and f; and b; (i = 1, 2) are
described as

ML} sinx; + mg sin x3 cos x3

X
filx) M + msin® x3
1
hi(X) =————5—
1(x) M+msin2x3
A (M + m)g sinx; + mLx] sin x3 cos x4
X) =
: (M + msin® x3)L
COS X3
br(X)=——""TF——
2(x) (M + msin® x3)L

Equation (2.16) formulates the state space model of this single-pendulum-type
overhead crane system. In (2.16), four state variables can depict this dynamic
system. As far as state-variable-based control methods are concerned, the four states
can be employed and a diversity of control approached can be achieved.
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Note that the model (2.16) is ideal and it contains no uncertainties. Due to imperfect
modeling and effects of environment, it is impossible to avoid uncertainties and external
disturbance in real dynamical systems. In reality, overhead crane systems often are
operated under uncertainty conditions such as parameter variations, unmodeled
dynamics, skidding and slipping, etc. Considering the possible effects of these uncer-
tainties, the dynamic model of the overhead crane in Fig. 2.1 can have the form

)-Cl = X2
X2 = fio(X) + bro(X)u (2.17)
5(?3 = X4 '

X4 = foo0(X) 4 bao(X)u

In (2.17) fio(x) =fi(x) + Afi(X), bio(x) = bi(x) + Ab;(x)(i = 1, 2), where fi(x)
and b(x) are the nominal parts of f;p (x) and b;o(x), respectively. Both fi(x) and b(x) are
formulated in (2.16). Without loss of generality, the terms depicting modeling errors
and parameter variations, Afjp(x) and 4b;y(x) are assumed to be differentiable with
respect to time .

2.1.2 Model with Uncertainties

Uncertainties can be categorized as matched uncertainties and unmatched uncer-
tainties [6]. The uncertainties are matched if and only if the uncertainties enter a
dynamical system from the control tunnel. In (2.17), the so-called matched
uncertainties mean

Afio(x) and Abj(x)espan{b;(x)} (2.18)

Explicitly, (2.18) can be written as

Afio(x) = bi(x)Afi(x)
A

Ab[()(X) = [(X)Abi(X)
Substituting (2.18) into (2.17) yields

X2 = fi(x) + by (x) [u + Aby (x)u + Afi (x)]

- - 2.19

x4 = fo(X) + ba(X) [u + Aby (X)u + A (x)] 219

Apparently, all the uncertainties in (2.19) enter the dynamic model (2.17) by the

control tunnel, indicating that they are matched. Such an entering tunnel makes this
kind of uncertainties resistible by suitable control methods.

In the case that there are unmatched uncertainties, it is challenging to suppress

them because it is hard to formulate these kinds of uncertainties. A common
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approach is to apply the available controllers as if there were no unmatched
uncertainties. This method will inevitably result in a threshold on the size of the
unmatched uncertainties. The unmatched uncertainties are then required to be
smaller than the threshold value so that a stability result holds locally with respect
to the size of the uncertainties. Since unmatched uncertainties are common in
control practice, it is important to suppress them to guarantee the system stability in
the presence of significant unmatched uncertainties.

Consequently, the following dynamic model [7] with unmatched uncertainties
can be directly formulated by (2.20) without further simplification.

561 = X2
):62 =fi(x) + b1(X)u + & (x, u) (2.20)
X3 = X4

¥4 = H(x) + ba(X)u + Ex(x,u)

Here, & (x,u) = Afi(X) + Aby(x)u and &,(x,u) == Afr(x) + Aby(X)u.

2.1.3 Linearized Model

The nonlinear single-pendulum-type overhead crane model has been discussed and
it is composed of (2.14) and (2.15). Because € = 0 is the sole stable equilibrium of
the overhead crane system, both of the equations can be linearized around the point.
The linearized equations can be written as

(m+M)3+mL0 =f (2.21)
X4+L0O+g0=0 (2.22)

According to Newton’s second law, /= (m + M) X can be obtained. Substituting
x=f/(m+ M) into (2.21) yields

f

LO+ g0 = 2.2
M+m+ +g 0 (2.23)

Equation (2.23) is a second order ordinary differential equation. The Laplace
transform can be employed to solve Eq. (2.23). Finally, the angular frequency
describing the oscillation of the linearized Eq. (2.23) can be formulated as

on=1/(1+3)% (2.24)
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Fig. 2.2 Variation of the
system frequency

= b2
D

L]

Angular frequency
=

05
Mass ratio m/ M

Rope length L (m) 0_ .0

Equation (2.24) reveals the system frequency depending on the rope length and the
mass ratio. It is of interest to investigate how the frequency changes as a function of
the system parameters. Such information can be used for physical insights of the
overhead crane system. Figure 2.2 demonstrates the function revealed in (2.24).
The MATLAB programs of the example are given in Appendix A.

From Fig. 2.2, the frequency changes very little with respect to the mass ratio
when the rope length is more than 4 m. On the other hand, the frequency value has a
strong dependence on the mass ratio when the rope length is short.

2.1.4 Modeling of Double-Pendulum-Type Cranes

2.1.4.1 Modeling

Figure 2.3 illustrates the schematic representation of a double-pendulum-type crane.
The crane is moved by a driven force F, applied to the trolley. This system consists
of three subsystems, i.e., trolley, hook, and payload. That is, there exist three
variables to describe the crane system. Each subsystem possesses one variable,
described by trolley position with respect to the origin, x (m), hook angle with
respect to the vertical line ; (rad), and payload angle with respect to the vertical
line 6, (rad).

Other symbols in Fig. 2.3 are explained as trolley mass m (kg), hook mass m,
(kg), payload mass m, (kg), cable length between trolley and hook /; (m), and cable
length between hook and payload I, (m).

Consider the following ideal assumptions like no friction, massless cables,
mass-point hook, and mass-point payload. To obtain the dynamic model of this
crane system, the Lagrangian method is also adopted. The following Lagrangian
equation with respect to the generalized coordinate g; can be obtained as
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Fig. 2.3 Schematic of the
double-pendulum-type
overhead crane system i - X — Trolley

Origin

(2.25)

d 8Lad 8Lad T
dr < 86], ) 8q, o
In (2.25),i=1,2,3. La; = K; — P, (K; means the system kinetic energy and P,
denotes the system potential energy.), g; is the generalized coordination (here, ¢,
¢», and g5 indicates x, 67, and 6, respectively), and T; is the external force.
According to the aforementioned assumptions that the payload and hook are
regarded as mass-points, the system kinetic energy in Fig. 2.3 can be written as

1 1 1
K, = §m0x2 + Emlv% + Emzvg (2.26)
here, the vectors v; and v, denote the hook and payload velocities, respectively.
They are defined as
2_ 2 2
Vi =V vy

> 2 2
vy =V t+ Vi,

(2.27)
where Vx1 = X+ 1161 Cos 017 Vy1 = —1191 sin 91, V2 = X+ llél Cos 01 + lzéz Cos 92
and Vyo = —1191 sin 01 — 1292 sin 92.

From Fig. 2.3, the potential energy of the trolley subsystem is kept unchanged.
Owing to this fact, the system potential energy in Fig. 2.3 is only exhibited by the
potential energies of the hook and payload subsystems, defined as

Py =mgli(1 —cos0) + maglli(1 —cos0;) + (1 — cos 01)] (2.28)

Here, g is the gravitational acceleration. Then, La, has the form
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La; =K; — Py
= 1mojc2 + lmlv2 + 1m2v2 (2.29)
2 27 T2

—migli (1 —cos0;) — myg[li(1 — cos 0y) + L (1 — cos 0,)]

Consider the variable x. Differentiating La, with respect to x in (2.29) yields

OLay
=0 2.30
o (2.30)
Differentiating La,; with respect to x in (2.29) yields

6Lad
0x

= (mp +m +my)x + (my + mz)h@l cos 01 + maly 0 cos 0, (2.31)

Further, differentiating (2.31) with respect to time ¢ can have

d (OLa OLa 0
dt( d> o d _ (mO + my +m2)x+ (ml +m2)1101 CoS 01

0x Ox
- (ml +m2)116% sin 0; +m212é2 cos 0, (232)
— maly02 sin 0,
Finally, the Lagrangian equation with respective to x has the form
d (OLa OLa .. .
dr ( 8jcd> _ axd = (mo + my + mp)X + (my + my)110; cos 0,
— (my +m2)l10% sin 0y + mylr05 cos 0, (2.33)

— mzlzég sin 92
=F

Consider the variable 6,. Differentiating La,; with respect to 6; in (2.29) yields

OLay T
— = + [1x0; sin 0
90, (ml mz) 1XU1 1 (2.34)

— mﬂ]lzéléz sin(@l — 02) — (m1 + WZQ)gll sin 01

Differentiating La,; with respect to 0, in (2.29) yields

OLa, d

80 = (ml + MQ)(lleCOS 0, + 1%01) + MQlllgé)z COS(Ql — 02) (235)
1
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Further, differentiating (2.35) with respect to time 7 can have

d (OLa . y N
a ( 89:1) = (m; + mz)(llxcos 0, — 1,x0, cos 0, + 1%91)
+ myli 105 cos(0) — 02) — myli 20,0, sin(0, — 0,) (2.36)

+ mﬂllzég Sil‘l(@[ — 92)
Finally, the Lagrangian equation with respective to 8; has the form

g(ﬁLad _6Lad
dt 801 00,

= (ml + WQ)IQ&COS 0; + (m1 + mz)l%él

+ mﬂ]lzéQ COS(@] — 02) + mglllgég sin(01 — 92) (237)
+ (my + my)gl; sin 0,
=0

Consider the variable 6,. Differentiating La,; with respect to 6, in (2.29) yields

OLa ) .
Wd = —leljcez sin 92 + m2111201 92 sin(@l - 92) - m2g12 sin 02 (238)

2
Differentiating La, with respect to 0, in (2.29) yields

OLay
90,

= mplixcos 07 + mﬂ%éz + lellzél COS(H] — 02) (239)
Further, differentiating (2.39) with respect to time ¢ can have

d /0oL . ) i
< (8 ) = malyi cos O — malri0s cos 0 + mal305 + moli 10y cos(0y — 02)

00,
— m2l1l29% sin(01 — 02) + m211129192 Siﬂ(@l — 02)
(2.40)
Finally, the Lagrangian equation with respective to 6, has the form
d (OLa OLa - -
a ( 80;) — (97; = MQZQXCOS 02 + mgl§92 + mﬂ]lzel COS(@] — 02)
(2.41)

— I’l’lzlllzé% sin(91 — 92) + mygl, sin 0,
=0
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From (2.33), (2.37), and (2.41), the dynamic model of the double-pendulum-type

overhead crane system with respect to x, 61, and 6, [8] can be obtained by means of
the Lagrangian method.

(mo + my + mp)x + (m + mg)llél c0s 01 + maly6; cos 0,

" " (2.42)
— (my +my)107sin0; — myl,05sin0, = F
(my + my)liXcos 0 + (my + ing)l%él + mzlllgéz cos(6) — 0,) (2.43)
+ myly 03 sin(0; — 05) + (my + my)gly sin 0; =0
malyi cos 0y + maly 10 cos(0; — 6;) + mol20
20> ) 211120, cos(0; 2) 20507 (2.44)

— lellzé% sin(01 — 02) + mygl, sin 0, =0

Rearrange (2.42), (2.43), and (2.44) in the form of a matrix. The three equations
can be rewritten as

M(q)q +C(q,q)q +G(q) = (2.45)

Here, q = [x, 0, 02]T is a vector of the three generalized coordinates, T =
[F, 0, O]T is a vector of the generalized force, g is the gravitational acceleration, M
(q) is a 3 x 3 inertia matrix, C(q, q)q is a vector of Coriolis and centripetal torques,

and G(q) is a vector of the gravitational term. M(q), C(q, ¢q) and G(q) are defined
as

mo +m; +mp (ml —|—m2)ll Ccos 01 Mle COos 02
M(q) = | (my + ma)l; cos 0, (my +my)3 malily cos(0) — 0,)
m212 COoS 02 mzlllz COS(91 — 02) n’lzl%
0 —(m1 + mz)llél sin 0 —W{zlgég sin 0,
C(q’ q) =10 . 0 myli1,0, sin(@l — 92)
0 —m2111291 sin(Gl — 92) 0

G(q) = [0 (ml + mg)gll sin 0; my gl sin 92]T

Further, (2.45) can be transformed to its state space expression. The expression
[9, 10] has the form
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jCl =X
=f(x) + bi(x)u
jC3 = X4
2.46
X4 =fo(X) + ba(X)u (2.46)
st = X6

=f3(x) + bs3(x)u

In (2.46), the vector x is defined by [xy, xp, X3, X4, X5, xelTs X1 =x;x3 = 05 x5 = 05
X, is the trolley velocity; x4 is the angular velocity of the hook; xg is the angular
velocity of the payload; u = F is the control input; and f;(x) and b,(x) (i = 1, 2, 3) are
nonlinear functions of the vector x, formulated by f; (x) = I'/A and bi(x) = T/A.
Here I';, T;, and A are determined by

A = (my + m)myli 5 [(mo + my + my) — (my + my) cos®(x3)]
— m3l{ 5 [(my 4 my) cos® (xs) + (mo + my + my) cos®(x3 — x5)

—2(m; + my) cos(x3) cos(xs) cos(x3 — x5)]

Ty = [(my + mo)mylil; — m311 cos® (x5 — xs)] [(my + ma)l1x] sin(x3)
+ mzlzx2 sin(xS)] + [(ml + mz)mzlllg cos(x3)
- mzlll cos(xs) cos(x3 — x5)] [mzlllzxg sin(x3 — xs)
+(m; + my)gly sin(x3)] + [(m1 + ma)myl2 1y cos(xs)

_mzl%lz cos(x3) cos(x; — xs)] [—mzll lzxf1 sin(xs — xs5) + mogls sin(xs)]
T = (m + mz)mzl%l% - m%l%l% cos? (x3 — xs)

I, = [m%lllg cos(xs) cos(x; — x5) — (my + mz)mzlll% cos()q)} [(m1 + mz)llxﬁ sin(x3)
+mzlzxé sln(x5)] [ 21% cos?(xs) — (mo + my + mz)mzlg] [mzlllzxé sin(x; — xs)
(ml + mz)gll sm(x3)] + [(mo +my + mz)n’lzlllz COS()C3 — X5)

)

(ml —+ my m21112 COS()C3) COS()C5)] [—mzlllzxi sin(x3 — )C5) + m2g12 Sil’l(X5)]

T, = m31313 cos(xs) cos(x3 — xs) — (my + ma)maly 15 cos(x3)

I3 = {(m + ma)mylil[cos(x3) cos(x3 — x5) — cos(xs)] }[(m1 + my)11x5 sin(x3)
+mmalyx} sin(xs)| + [(mo + my + my)myly 15 cos(x; — xs)
—(my + mo)maly 1 cos(x3) cos(xs)] [maliloxg sin(xs — x5) + (my + my)gly sin(x3)]
+ [(’"1 +ma)’ 1} cos?(x5) — (mo + my + ma) (my + mo) 3

X [7}’]’[211 L3 sin(x; — xs5) + maghy sin(x5)]
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Ts = (my + my)mal3ly cos(x3) cos(x3 — xs5) — (my + my)myli1; cos(xs)

Note that the model (2.45) has two important assumptions that are mass-point
hook and payload. Usually, the mass-point assumption can be satisfied for the hook
subsystem. However, the mass-point assumption for the payload subsystem can be
satisfied under some operating conditions. Concerning these extreme operating
conditions, the moment of inertia of the payload subsystem cannot be ignored and it
has to be taken into consideration.

2.1.5 Model with Uncertainties

Equation (2.46) is an ideal model. It can be treated as the nominal model of
double-pendulum-type overhead cranes. Considering the system uncertainties, the
uncertain equations can be derived from (2.46). The analysis is very similar to the
process in Sect. 2.1.2. Briefly, the uncertain model of the double-pendulum-type
overhead crane in Fig. 2.1 can be described as

jC] = X2
X =fi(x) + b1 (X)u + & (x,u)
jC3 = X4

2.47
X4 = fo(X) + ba(X)u + &5 (X, u) 247
jC5 = X

Yo = f3(x) + b3 (X)u + &5(x, u)

The uncertain part &;(x, «) in (2.47) is matched, if it can be written as &;(x,u) =
bi(x)A&;(x,u) where i = 1, 2, 3. Otherwise, the three uncertain terms are unmatched
because they cannot enter the crane model by the control channel. Note that the
three uncertain terms have to be treated as a whole. The uncertainties are still
unmatched, if only a part of the three terms can enter the crane model by the control
channel.

2.1.6 Linearized Model

The nonlinear double-pendulum-type overhead crane model is shown in (2.13).
Because 0; = 6, = 0 is the sole stable equilibrium of the double-pendulum-type
crane system, (2.13) can be linearized around 8; = 0 and 6, = 0. The linearized
crane model can be written as
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Mq+Kq=0 (2.48)
In the linearized model (2.48), the matrixes M and K are determined as

mo + my + mp (WZ1 +m2)11 moly

M= (m1 + mz)ll (m1 + Inz)l% mol
myly mylylp m2l%
0 0 0
K=10 (m1 + mz)gll 0
0 0 I’I’lez

The two natural frequencies of the double-pendulum-type overhead crane system
can be obtained by the nonzero eigenvalues of the matrix—M K. Their expressions
[11] are determined as

W) = % (a - \/B) (2.49)

o =/% («+ VB) (2.50)

Here, a has a form

my + my 1 1
0=—\|—+—
m h b

Another parameter f is formulated as

<m1+m2>2<1 1)2 <m1+m2> 1
p= (T () AT
m h b m hib

From (2.49) and (2.50), the two natural frequencies not only depend on the
length of the cables but also depend on the masses of payload and hook. It is
interesting to investigate how the frequencies change as a function of the system
physical parameters.

To simplify this problem, R = my/m; is defined as the payload-to-hook mass
ratio, the cable length between hook and payload [, is considered as a variable when
the total length [/ determined by [; plus [, is held constant at 6 m. Figure 2.4
illustrates the two oscillation frequencies as a function of R and /,.

In Fig. 2.4, w, changes very little for a constant /; + [,. It corresponds closely to
the frequency of a single pendulum with the length of /; + I,. On the other hand, the
value of w, is maximized for a constant /; + [, when the two cable lengths are equal

Lith.

to 252 but it can be dramatically changed by the hoisting operation [12].
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High and low frequencies

Mass ratio R

Fig. 2.4 Variation of the two frequencies

Furthermore, the high-frequency @, has a strong dependence on the cable length
I»; the value of w, varies substantially more than the value of @, the contribution of
@, to problematic swing amplitude is particularly large for a constant /; + [, when
the two cable lengths are approximately equal.

Concerning the mass ratio, R has a relatively small effect on w;, but the
high-frequency @, becomes more important to the double-pendulum motions for
low payload-to-hook mass ratios. In brief, low payload-to-hook mass ratios and
equal cable lengths are more representative to depict the double-pendulum motions
of the crane for the point-to-point transport control with a constant /; + I,.

Appendices

A Matlab Codes to Plot Fig. 2.2

k=0.01:0.01:2; % Mass ratio from 0.01 to 2, every each 0.01.
1=0.1:0.1:10; % Rope length from 0.1 to 10, every each 0.1
[K,L]=meshgrid(k,l); % K and L arrays for 3-D plots.
w=sqrt((1+K)*9.8./L); % Array of angular frequency
surf(K,L,w) % 3-D colored surface.



66 2 Crane Mathematic Model

B Matlab Codes to Plot Fig. 2.4

r=0.1:0.1:2; %mass ratio

12=0.1:0.1:6; %cable length between hook and payload
11=6-12; %11 plus 12 is held constant at 6m

2=9.8; % gravitational acceleration

[R,L2]=meshgrid(r,12); % R and L2 arrays for 3-D plots

p=sqrt((1+R)."2.#(1./(6-L2)+1./L2)."2-4.*((1+R)./(L2.%(6-L2))));
wl=sqrt(g/2).*sqrt((1+R).*(1./(6-L2)+1./L2)-p); % Array of wl
w2=sqrt(g/2).*sqrt((1+R).*(1./(6-L2)+1./L2)+p); % Array of w2

surf(R,L2,w1) %3-D colored surface
hold; % Another surface
surf(R,L2,w2) %3-D colored surface
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