
Functional analysis 2018 - Practical lecture
Practical lecture 8.

24th and 26th of April

Bounded linear operators in normed spaces.

1. Check that the linear operators S, T : `2 → `2 are bounded, and compute their norms.

(a) Sx = S(x1, x2, x3, . . .) := (0, x1, x2, x3, . . .) (right shift)

(b) T x = T (x1, x2, x3, . . .) :=
(
x1,

x2
2
,
x3
3
, . . . ,

xn
n
, . . .

)
.

2. Given a matrix A ∈ R3×2 and let T : R2 → R3, be a linear operator de�ned by Tx := A · x. This
operator is a linear mapping between two normed spaces. We consider two cases:

(a) T :
(
R2, ‖·‖∞

)
→
(
R3, ‖·‖∞

)
, (b) T :

(
R2, ‖·‖1

)
→
(
R3, ‖·‖1

)
.

What is the norm of operator T in the two cases?

3. Check that the following operators are linear. Which of the following operators will be bounded?

(a) T1f :=

∫ 1

0

xf(x)dx, where T1 :
(
C[0, 1], ‖·‖∞

)
→ R,

(b) T2f := f ′, where T2 :
(
C1[0, 1], ‖·‖∞

)
→
(
C[0, 1], ‖·‖∞

)
.

4. Show that the identity operator If := f

(a) is bounded if I :
(
C[−1, 1], ‖·‖∞

)
→ (C[−1, 1], ‖·‖1),

(b) but it is not bounded if I : (C[−1, 1], ‖·‖1)→
(
C[−1, 1], ‖·‖∞

)
.

5. Let T : C[a, b] → C[a, b] be a linear operator de�ned by (Tf)(s) :=

∫ b

a

k(s, t)f(t)dt. This operator is

called Fredholm operator. Compute the norm of T if

(a) k(s, t) = s; (b) k(s, t) =

{
0 ha s < t,
1, ha s ≥ t

[HF1] (c) (Tf)(x) :=

∫ x

0

f(t)dt. What will be k(s, t) in this case? ‖T‖ =?

[HF2] 6. Let T : R2 → R be a linear operator, T (x1, x2) = αx1+βx2, where 0 < α < β. Compute the operator's
norm if

(a) T :
(
R2, ‖·‖1

)
→ (R, |·|)

(b) T :
(
R2, ‖·‖∞

)
→ (R, |·|)

? (c) T :
(
R2, ‖·‖2

)
→ (R, |·|)

(∗5) Prove that if X is a �nite dimensional normed space, then every linear operator T : X → Y is
continuous.

7. Show that the operator norm is sub-multiplicative, namely if (X, ‖·‖) is a normed space and S, T ∈
B(X), then ‖ST‖ ≤ ‖S‖ · ‖T‖ .

8. Let T ∈ B(X), show that
∥∥T k

∥∥ ≤ ‖T‖k.
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