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Calculus of Variations

1 Functional Derivatives

The fundamental equation of the calculus of variations is the Euler-Lagrange

equation
d(ofy_of _,
dt \ 0% or

There are several ways to derive this result, and we will cover three of the
most common approaches. Our first method I think gives the most intuitive
treatment, and this will then serve as the model for the other methods that
follow.

To begin with, recall that a (real-valued) function on R"™ is a mapping
f U CR" — R. In other words, f takes a point in some subset U of R"
and gives back a number, i.e., a point in R. In particular, the domain of f is a
subset of R™. We write this mapping as f(x).

In contrast to this, a functional F' is a “function” whose domain is the
space of curves in R™, and hence it depends on the entire curve, not just a
single point. Very loosely speaking, we will take a curve to be a differentiable
mapping y : U C R® — R™. So a curve is just a function defined on some
interval, and a functional is a “function of a function.”

For example, let y(z) be a real valued curve defined on the interval [x1, z2] C
R. Then we can define a functional F[y] by
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(The notation F'[y] is the standard way to denote a functional.) So a functional
is a mapping from the space of curves into the real numbers.

We now want to define the derivative of such a functional. There are several
ways to go about this, and we will take the most intuitive approach that is by
analogy with the usual notion of derivative.

So, let f(t) be a function of a single real variable, and recall the definition
of the derivative f'(¢):

70 = Lty = im

h—0

f(t+h})L_f(t) (1)

This is equivalent to saying that f is differentiable at ¢ if there exists some
number L (called the derivative of f at t) and a function ¢ with the property
that

. p(h)
a0
such that
ft+h)=f(t)+ Lh+ o(h). (2)



Before proving the equivalence of these formulations, let me make two re-
marks. First, we say that such a function ¢(h) is O(h?) (order h?). And
second, note that the number L is just a linear map from R to R. (In this case,
L:R — R is defined by L(h) = Lh for h € R.) In fact, it is this formulation of
the derivative that is used to generalize differentiation to functions from R™ to
R™, in which case the linear map L becomes the Jacobian matrix (9y’/0x7).

Let us now show that equations (1) and (2) are equivalent. Note that if we
start from (1) and define the function ¢ by

p(h) = {g(t;grh;;{)(t) — f/(t)h for h #0

then
f+h)=f(t)+ Lh+ @(h)

where L = f/(t) and (by equation (1)) lim¢(h)/h = 0. Conversely, if we start
from equation (2), then

flE+h) - f)

h h

and taking the limit as h — 0 we see that f/(t) = L.
Now let us return to functionals. Let v be a curve in the plane:

v={(tz):x(t) =z for to <t <t1}.
Let 7 be an approximation to 7, i.e.,
5 ={(t,2) : 2 = a(t) + h()}

for some function h(t). We abbreviate this by ¥ = v+ h. Let F' be a functional
and consider the difference F[y] — F[y] = F[y + h] — F[y].
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We say that F is differentiable if there exists a linear map L (i.e., for fixed v
we have L(h1+ha) = L(h1)+L(hg) and L(ch) = ¢L(h)) and a remainder R(h,~)
with the property that R(h,v) = O(h?) (i.e., for |h| < € and |h'| = |dh/dt| < ¢
we have |R| < const - £2) such that

Fly+h] = Fly] = L(h) + R(h,7) (3)



The linear part of equation (3), L(h), is called the differential of F.

We now want to prove the following theorem. As is common, we will denote
the derivative with respect to ¢ by a dot, although in this case ¢ is not necessarily
the time — it is simply the independent variable.

Theorem 1. Let v be a curve in the plane, and let f = f(x(t),z(t),t) be a
differentiable function. Then the functional

to

is differentiable and its derivative is given by
“rof of of,
L(h) _/to {%— %(a >]hdt+a—

Proof. Since f is a differentiable function we have (using equation (2) in the
case where f is a function of the two variables z and )

(4)

to

Fly+ h] — FJy] :/l[f(:c—l-h,x'—l-h,t)—f(:z:,i:,t)]dt

to

/ f
_/to <axh+a— >dt+(9(h2)

== L(h)+ R(h,7)

where we have defined L(h) = [(6f/8;v)h + (0f Jdi)h)dt and R(h,~) =

O(h?). By equation (3) this shows that F' is differentiable.
Integrating the second term of L(h) by parts we have

_/ dt(gf)hdt

_[M(os_d (o of,
L(h)_/to [%_ﬂa >}hdt+a

2 The Euler-Lagrange Equation

ty
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and therefore

to

Before proving our main result (the Euler-Lagrange equation) we need a lemma.
Note that the function h(t) in this lemma must be completely arbitrary (other
than being continuous).



Lemma. If a continuous function f(t) defined on the interval [to,t1] satisfies
" F(t)h(t)dt = 0 for any continuous function h(t) with h(to) = h(ty) = 0,

to

then f(t) =0 for all t € [to,t1].

Proof. First note that this makes sense intuitively because if you choose h(t) # 0
only over a very small interval, then the integral essentially picks out f(t) only
over this interval, and therefore f(t) must equal 0 on this very small interval.
However, since the interval is arbitrary, it must be that f = 0 everywhere.

(A formal way to show this is to let h(t) be the Dirac delta function 6(t —t*)
so that f(t*) = 0 for all t* € (to,t1). But we aren’t going to assume any
knowledge of the Dirac delta at this point.)

Now for the proof. Assume that f is not identically 0, and there is no loss
of generality in assuming that there exists t* € (o, t1) such that f(¢*) > 0. We
first show that if a continuous function is nonzero at a point, then it is nonzero
in a neighborhood of that point. Recall that to say f is continuous at t* means
that given € > 0, there exists 6 > 0 such that for all ¢ with [¢* — ¢| < § we have
[f(t*) = f(t)] <e. Soif 0 < f(t*), then choosing 0 < £ < f(¢*) shows that you
can’t have f(t) = 0 if [t* — ¢| < d. Therefore, since f is continuous, there exists
a neighborhood A of ¢* such that f(t) > ¢ = constant > 0 for all ¢t € A.

Write A = (t* — d,t* + d) C (to,t1) and let A/2 denote the interval A/2 =
(t*—d/2,t*4+d/2). Choose the function h(t) so that h(t) = 0 outside A, h(t) > 0
on A, and h(t) =1 on A/2.

|
|
|
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Since h = 0 outside A we have fttol fhdt = [, fhdt. And since f > ¢ > 0 for
all t € A it follows that

to tt—d t*

/ttlf(t)h(t)dt=/Af(t)h(t)dtzc-l-g-2=cd>o.

But this contradicts the hypothesis that f ttol fhdt =0 and hence it must be that
f(t*) =0 for all t* € (to,11), i.e., f(¢t) =0 for all ¢ € [to,t1]. [ |

Let me make one remark. The function h(t) defined in the proof of the
preceding theorem is sometimes called a “bump function,” and such functions
are used, for example, in more general integration theory to prove the existence
of partitions of unity. As a specific example, let us show that there exists a C*°



function h(t) that equals 1 on [—1,1] and 0 on the complement of (—2,2). (A
C* function is one that is infinitely differentiable.) To see this, first let

e~ Yt fort>0
ft) =
0 fort <0

Now let f(t)
90 = T fa D

and note that g(¢) = 1 for ¢ > 1. Finally, define h(t) = g(t + 2)g(2 — t). I leave
it to you to show that this has the desired properties.

We are now in a position to prove our main result. First some terminology.
We say that an extremal of a differentiable functional F[y] is a curve 7 such
that L(h) = 0 for all h. (This is like saying z is a stationary point of a function
f(z) if f'(x0) = 0.) However, note that if a curve 7 is an extremal of F,
we don’t know whether or not F takes its maximum or minimum (or neither)
value on ~. This is analogous to the usual case in calculus where we have to
evaluate the second derivative of a function g to decide whether a point xy where
g’ (x9) = 0 is a minimum, maximum or inflection point. Fortunately, in most
cases of physical interest we are looking for a minimum, and it will usually be
clear from the problem that we have found the desired result.

Theorem 2 (Euler-Lagrange Equation). A curvey : z = x(t) is an extremal

of the functional
ty

Flyl= [ f(z(t),2(t),t)dt
to
on the space of curves passing through the points xo = x(to), 1 = x(t1) if and
only if
d (of of
a@ (%) “ 3% 0 5)

along the curve x(t).

Proof. When we refer to the space of curves passing through the points zy and
x1 we mean that h(tp) = h(t1) = 0 for all (differentiable) functions h(t). By
Theorem 1 we have

_hrof  d(of of
L(h)_/to [%—E<%>}hdt+%h

The second term on the right hand side is the boundary term, and it vanishes
by hypothesis. We also have L(h) = 0 for all & since v is an extremal. But then

(M lof d[of B
0= [ 7 (58 Jrr =
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to



for all h so that by the lemma we have the Euler-Lagrange equation

of of
o i) -

ofN _of

9i)  ox '
Conversely, if the Euler-Lagrange equation holds, then clearly L(h) = 0 so
that v is an extremal. |

This is clearly equivalent to

It is worth emphasizing that this is a differential equation for z(t) (as opposed
to f) since the function f is known. In fact, in a later section we will see that this
Euler-Lagrange equation is a second-order differential equation for x(t) (which
can be reduced to a first-order equation in the special case that 9f /9t =0, i.e.,
that f has no explicit dependence on the independent variable t).

So far we have considered only functions of the form f = f(x(¢),4(t),t). We
can easily generalize this to functions of several dependent variables {z!,... 2"}

= f' @), s (t), 2% (t), #2(t),. .., a"(t), 2" (t)).

Now we have n curves v : 2 = 2%(t) and 7° = 2° + h' so that
Fiyt+hl "+ 0 = Flyt, 0"

:/tl[f($1+h1,--.7$"+hn)—f(:vl,...,x")]dt

S~ (0f i O i
/0 1<6th e h>dt+;O ((h')?)

1=

Again, assume that the boundary terms vanish when we integrate by parts, and
we are left with

S LR

If we now assume that the variations h* are all independent (so this ignores
constraints), then we conclude that we will have an extremal if

of d(of
oz’ ot

):O foreachi=1,...,n. (6)

In other words, the Euler-Lagrange equation applies to each variable (or coor-
dinate) separately.



Example 1. Our first example will be to show that the shortest distance be-
tween two points in the plane is a straight line. Thus we want to minimize the
arc length

(z2,y2

(z2,y2) (z2,y2) )
/ ds=/ \dx? + dy? = 1+ y?dx
( (=

z1,y1) 1,91) (z1,91)

where ds is an infinitesimal element of arc length in the plane.
The independent variable is z, the dependent variable is y, and we have

fly,v',2) = /14 y2. Then 0f/dy = 0 so that
a4 (ofy _,
dx \ Oy’

of _ ¥
oy’ /1 +y2

Squaring this expression yields y?(1 — ¢?) = ¢? > 0 so we must have ¢ < 1.
Then

which implies

= const := c.

@
’_ -
Y V1—¢?
so integrating this show that y = mx + b where b is the constant of integration.
We will shortly generalize this result to curves in arbitrary metric spaces.

Example 2. Our next example is a famous problem called the brachis-
tochrone, and it is the following. Consider a particle moving in a constant
gravitational field, starting from rest at the point (x1,y;) and falling to a lower
point (22,y2). We want to find the path the particle should take to minimize
the time of travel (in the absence of friction).

For convenience, we choose the coordinates as shown below, with the origin
as the initial location of the particle.

(z1,1)

(w2, y2)

From F = mg = —VV we have V(y) = —mgy, so by conservation of energy
it follows that 0 = (1/2)mv? — mgy or v = /2gy. Denoting an infinitesimal



distance in the plane by ds, the time of travel is given by

(z2,y2) d (z2,y2) dr2 + di2 (z2,y2) 2
T:/ S / Vdx® + dy? / \/17 +1 dy
(

v

1,Y1) (z1,91) (z1,91)

(z2,y2) 2 4 q
g8 4= d

(z1,91)

where we are considering 2 = z(y) to be a function of y so that ' = dx/dy.
The Euler-Lagrange equation (5) is to be applied to the integrand

z2+1
Yy

f(xvxlvy) =

where now y is the independent variable. Because df/dx = 0, we see that

(d/dy)(9f/dx") = 0 or

af 1 a " /1
—— = ———— —const:=4/—
or'  Jyvaz? +1 2a
and therefore
x'? 1

y(x'2 +1) T 24

Solving this for 2’ and integrating we find

V 2a—y V2ay — y?

Making the substitution y = a(1 — cos#) so that dy = asin 6 df, this becomes
B = /a(l —cosf)df = a(f — sin ) + const

Our initial condition is * = y = 0 which is equivalent to § = 0, and this
shows that the constant of integration is also zero. Therefore the solution to
our problem is

x=a(@ —sinf) and y=a(l— cosbh)

where the constant a is chosen so that the path passes through the point (22, y2).

These equations are the parametric equations of a curve called a cycloid.
This is the curve traced out by a point on the rim of a wheel of radius a that is
rolling along the underside of the z-axis. See the figure below.
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acos(m —0) = —acosf
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An interesting physical aspect of the cycloid is this: a particle released from
rest at any point P will take an amount of time to reach the bottom point of
the curve (i.e., y = 2a) that is independent of P. I leave the proof of this fact
to you.

Example 3. One of the fundamental principles of classical mechanics is called
Hamilton’s Principle: If

L(z,%,t) = T(x,2) — V(x,t)

is the Lagrangian of the system, then the system moves from time ¢; to t2 in
such a way that the integral

ta
1:/ Lz, i, 1) dt

ty
is an extremum with respect to the functions x(t) where the endpoints x(t1)

and z(t2) are fixed.
As an easy example, consider the simple plane pendulum:

The kinetic energy is

1 1 7
T = Emv2 = 5m1292

and the potential energy is given by

V = mgl(1 — cos6)



where we have defined V' to be zero when the mass is at its lowest point. Then
the Lagrangian is

1 .
L=T-V= §ml292 —mgl(1 — cosb)
where the independent variable is ¢ and the dependent variable is 6.
To find the Euler-Lagrange equation we compute

L L )
g—e = —mglsinf and 2—6 = mi?0

so we find from equation (5)
mi6 + mglsinf = 0

or )
0+ w?sind =0

where w? := g/l. In the case that we consider only small oscillations § < 1 we
have sin # ~ 6 so our equation becomes 6 + w2 = 0 with the general solution

0(t) = Acos(wt +9).

3 The Geodesic Equation

We now turn to the more general problem mentioned above of finding the
equation of the shortest path between two points in what is called a semi-
Riemannian space. This is a generalization of the usual metric space R? with
the Pythagorean notion of distance, and will be more carefully defined below.
To motivate this definition, we first look at some common special cases that are
easy to visualize.

The first thing to formulate is how to find an infinitesimal displacement dx in
a curvilinear coordinate system. Let us consider the usual spherical coordinates
as an example.

10



Writing ||x|| = r, the position vector x has (x,y, z) coordinates
x = (rsinf cos @, rsin O sin ¢, r cos ).

If we let u’ stand for the ith coordinate of a general curvilinear coordinate
system, then a unit vector in the u' direction is by definition
_ox/ou’
lox/oul|]”

~h

For our spherical coordinates we have for r:

X _ sin @ cos ¢, sin # sin ¢, cos 0
:
r
and
Ox|| _ [ox ox\'*
or|  \or or B
so that 9
T = (sin 6 cos ¢, sin 6 sin ¢, cos 6) and 8—X =1
r
For 6:
ox . .
20 = (r cos @ cos ¢, 1 cos f sin ¢, —r sin 6)
and
Ox|| _ [ ox ox\'*
06| ~\oo o0/ '
so that
6 = (cos 0 cos ¢, cos O sin ¢, — sin 0) and % =r0.
For ¢:
g—z = (—rsinfsin ¢, rsinf cos ¢, 0)
and
Ox|| _ fox ox\P L
2ol =~ \2s° 99 =rsin
so that

¢ = (—sin g, cos ¢,0) and Z_Z = rsinf ¢.

Putting this all together we see that

ox ox ox
dX—EdT-i-%de-f—a—gbd(b

or
dx =tdr+ 0rdf+ ¢rsindde.

11



While this was the “right” way to derive this result, there is a quick way that
is usually easiest. In this method, we hold two of the three variables constant
and vary the third, and see what dx is for that variation. So, first hold 6, ¢
constant and vary r to obtain dx = dr t (look at the figure above, and let T, 6 b
be unit vectors in the appropriate directions). Next, hold 7, ¢ constant and
vary 6 to see that dx = rdf 0. Finally, hold r, 6 constant and vary ¢ to obtain
dx = rsinfdo ¢. Putting these together we again find

dx =dr# +rdf 0+ rsinfdo ¢.

Note also that if we treat each of these three variations as the edge of a small
cube, then the volume element for spherical coordinates is seen to be the product
of these displacements and we have the well know result d®z = 72 sin Odrdfde.

Returning to the unit vectors r, 6 and (}5 derived above, it is also not hard
to see that these form an orthonormal set. Indeed, they are normalized by
construction, and by direct calculation it is easy to see that they are orthogonal
(e.g., T~ 0= 0). Alternatively, we can note that r points in a radial direction,
while 8 and q?) are both tangent to a sphere as well as orthogonal to each other.

In a similar (but much easier) manner, it is easy to see that in the plane R?
we have the cartesian coordinate expression

dx =drx+dyy
as well as the polar coordinate expression
dx =drt+1df 0
By definition, the element of distance ds (or line element) is given by
ds* = (dx, dx)

so for the three examples given above we have (since all basis vectors are or-
thonormal):

ds® = dz® + dy? for cartesian coordinates in R?
ds® = dr? + r*d6? for polar coordinates in R?
ds?® = dr? + r2d6? + r?sin? 6 do? for spherical polar coordinates.

If we label our coordinates by z¢ and the (not generally orthonormal) basis

vectors by e; (e.g., (x!,22,2%) = (r,0,¢) and e; = F,e3 = r0,e3 = rsinfe),

then using the summation convention we can write all of these line elements as
ds® = (dx,dx) = (e;da’, e;jdr?) = (e, e;)dx" da?
or simply

ds* = gijda’da’ (7)

12



where the symmetric matrix (g;;) with components defined by
gij = (ei, ej) = gji

is called the metric.
The metric is both symmetric and diagonal (since we almost always use an
orthonormal basis), and in our three examples it takes the forms

(9i5) = ! 1 ] for ds? = da? + dy?
1 2 2 202

(gij) = r2 ] for ds® = dr* + r<df
1

(9ij) = r? for ds® = dr? + r2d#?* + r? sin® 0 d¢?
i r2sin? 6

Since the metric is diagonal, it is obvious that the inverse metric is given by
(g") := (gi;)~" where g" =1/g;;. In other words,

9" gji = 0} (8)
In particular we have
(97) = ! 1} for ds* = da? + dy?
(9") = ! 1/73} for ds® = dr® + r*df?
.. [ 1
(V) = 1/r? for ds® = dr?® + r2d6> + r? sin® 0 d¢>
i 1/r%sin” 0

A Riemannian space is a metric space with a positive definite metric
(gij) defined on it. (Equivalently, the inner product is positive definite, i.e.,
(u,u) > 0 and (u,u) = 0 if and only if w = 0.) In other words, g;; = 0 for i # j
and g;; > 0. In a semi-Riemannian space, we remove the requirement that
the diagonal entries g;; be greater than zero. (An equivalent way to say this is
that the inner product is nondegenerate, i.e., (u,v) = 0 for all v if and only
if u = 0.) For example, the usual Lorentz metric 7;; of special relativity takes
the form ds? = dt? — dx?. This is not positive definite because any nonzero
light-like (or null) vector has zero length.

We are now ready to generalize Example 1. We want to find the equation
for the path of shortest length between two points in a Riemannian or semi-
Riemannian space. In other words, we want to minimize the path length

oo dzt dad \"?

13



where 2° = z°(t) and t is an arbitrary curve parameter. Note also that in general
9ij = 9ij ().

However, the presence of the square root in the integrand makes things way
too messy. It is far easier to realize that whatever path extremizes [ds =
[(ds/dt)dt will also extremize [(ds/dt)*dt. Thus, let us use equation (6) to
find the path that extremizes the integral

In general, the path of shortest length between two points is called a geodesic,
and the resulting equation for x(¢) is called the geodesic equation.
Letting f = g;;2'%’ we have

of 789ij-¢~j,7 o sisg
W = axk T T = gijkT T
af oit . o1l

5k = Jigard +9ud 5o = 9 (087 +3'5))
= grjd’ + gind’ = 2gp;d’
d (0 dgrj . ;
T <8—a{k> = Q(LIJ _i_gijJ) = 2(91@]‘,1%]961 + g @7)
and hence the Euler-Lagrange equation (6) becomes
P RIS R Y
JkjT +gk],lx €T — 591],k$ 7 = 0.
We rewrite the second term as follows:

. 1 . .
Ll L.l Ll
gkjylxjx = E(gkj’lx]x =+ gkjylx]x )

1 . .

= E(gkj,liiji“l + gkl,j:i?liﬂ) (by relabeling the second term)
1 1 . gl 1

= 5 (9rs0 + gr ) (since #3' = i'q7)
1 i . .

= §(gkj,i + Gri g )T’ ® (by relabeling | — i)

This leaves us with
- 1 i
k& 4 5(9i + Ghig — Gige)3"E =0

and using equation (8) we have

g1 ey
i+ §glk(gkj,i + Grij — Gij )T T = 0.

14



Let us define the Christoffel symbols

1
Féj = §glk(9kj.,i + Grij — Gij k) = Flﬂ

Without the comma notation, this looks like

1 grj | Ogri  0gij

. - — 9
¢ drt  Oxd  Ozk ©)
We will also find it useful to define the Christoffel symbol with all lowered
indices:

1
Cyij = giali; = 5(9kij + 9rii = 9ijk) = Thji- (10)
and hence also
Il = g™ Thij. (11)

In any case, the equation of a geodesic becomes
i 4+ Tt =0
or o
d?a! , dxt da?
dt? Yodt dt
It is left as a homework problem to look at equation (12) under a change of

parameter. Solutions of equation (12) yield ¢ as arclength or any other affinely
related parameter A (i.e., A = at +b).

= 0. (12)

Example 4. The simplest nontrivial example is just plane polar coordinates
ds® = dr? + r2df?%. For clarity, we will sometimes write the indices i = 1,2 as
just 6. We will also use a hybrid notation that should be obvious from the
context.

As we have seen above, the nonzero components of the metric are g, = 1
and ggg = 2 along with ¢"" = 1 and ¢?? = 1/r2. The only nontrivial derivative
of the metric components is

—8 2
= = i
966, ar 9gee

so the only non-vanishing Christoffel symbols are those with exactly two 6’s and
one 7:

1
oo = 5(%979 + gr6,6 — 9o6,r) = —T

1
Loro =Tgor = 5(999,7” + Goro — 9ro,0) =T

15



Since (¢%) is diagonal, these yield
Tho = 9" 'Tigo = g" " Trog = —7
[Py =T%, = ¢°Tiro = g°Torg = %
and the geodesic equations become
iP—r?=0  and é+§f&':0.

This pair of coupled equations is not easy to solve. But by inspection we
see that one class of solution is simply § = # = 0. Then 6 = const and r is of
the form of a straight line r = at + b. In other words, as we already knew, the
geodesics in the plane are just the straight lines. (Actually, in this particular
class of solutions we have 8 = const, so these are only those lines that pass
through the origin.)

4 Variational Notation and the Second Form of

Euler’s Equation

So far we have been fairly careful with our notation in explaining just what it
means to vary a path. Now we are going to write our equations in another form
that is commonly used, especially by physicists. I stress that there is nothing
new here, it is only a change of notation that is justified by what we have done
up to this point.

Recall that we had the varied curve ¥ = v + h or, equivalently, Z(t) =
x(t) + h(t). Define the variation of x by

Sx(t) = F(t) — z(t) = h(t).

Taking the derivative of this yields
D sa(t) = 3(t) — () = h(t).
dt
But 6 (t) := 2(t) — @(t) and hence we see that
() = S n(t) = h(t)
(t) = —dz(t) = .
dt

We also write _
5f = f(x+hyi + hyt) — f(w,d,1)

so expanding this to first order (i.e., ignore O(h?) terms) we have

OF, O 0L or
of = (%h—i— 8:'ch_ 8I6x—|— 3:’5&6'
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As we did in Theorem 1, let us consider the functional

- /t " Flt), #(0), 1) dt.

5F::F[’y+h]—F[’y]:/5f
of 3f of of d
_/to < s+ 2 5 >dt / ( r+ 2 dt:c)dt
_ [ ]of of
-], [5G

where to get the last line we integrated by parts and used dx(tg) = dz(t1) = 0.
Again, at an extremum we have §F = 0, and since this holds for arbitrary
variations dz(t) we must have the same result as before (Theorem 2):

Then

of of
- - — 0. 13
Oz ( o ) (13)
As I have said, there is nothing new here, only the symbolic manipulation
f f
of = 6

Let’s take a closer look at equation (13). We will show that this is actually
a second-order differential equation for x(t). To see this, first note that for any
function g(x(t), ¢(t),t) we have the total derivative
dg _0g  Ogdx  Ogdi _0dg 0y . P ag ..
2 = = [ —_— = — —{L’
dt Ot Oxdt 0&dt Ot 83: o
Since equation (13) contains the total derivative of 9f /0%, we can apply the
above equation with g = df /0% to write (13) as
of  o*f o*f . O%*f .
Ox  Otdr  Oxdi 012
This clearly shows that equation (13) is in fact a second-order differential
equation for x(t). Fortunately, in many cases of physical interest the function
f will have no explicit dependence on the independent variable ¢, and we can
then derive a simpler first-order equation. This is a simple consequence of the
Euler-Lagrange equation. We have

df _of  of.  ofdi

i ot ot T o dr
_of of of .
=t Tt T a (8x )

#(3):
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_9f  oF. i<8f > 8fx' (by equation (13))

o T Ta\art) "o

_9f d[of.
—a+a(%l’)

o of d [(of
E+E<%x_f> = 0.
But then if 9f/0t = 0 we are left with(d/dt)[(0f/0%)z — f] =0 or
%j@ — f = const (14)

which is a first-order equation, called the second form of FEuler’s equation.

(Some readers might recognize that if f is the Lagrangian L, then this is just
the statement that the Hamiltonian H = pg— L is conserved. Note however,
that this is not the statement that H is the total energy of the system; that
fact depends on whether or not the kinetic energy is a homogeneous quadratic
function of the ¢’s.)

Example 5. Consider the surface of revolution problem. Here we have a curve
y(x) with endpoints (24, y,) and (xp,ys) that is rotated about the z-axis. We
want the curve that will minimize the area.

(xb,yb)

We assume that y,,yp, > 0 and y(x) > 0 for z, < x < xp, and try to minimize
the surface area given by

Ty
27r/yds:27r/ yvV 1+ y2dx

a

where y' = dy/dx. Here the independent variable is z, and our function is
f=rfly,y,x) =y\/1+ y? (the factor of 27 cancels out of equation (14)).
Since 9f /0xz = 0, we apply the second form of Euler’s equation and write

of
- f=—a
" f
where we define the constant as —« for convenience (and hindsight). This gives
yy”? yy? —y(+y?) —y

Wisnr A AR A -
Y

Vit®  Vite®
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so that (y/a)? =14y or y' = (y?/a? — 1)%/2 which has the solution

dy 1Y
T — Ty = /—(y2/a2— 72 = o cosh o

Sketch of how to do the integral: If w = cosh™'u then u = coshw =
(e® +e~")/2 so that e¥ —2u+e~* =0 or e*¥ — 2ue” + 1 = 0. Solving for e¥
with the quadratic formula yields

2u + v4u? — 4
€w=%=u+\/u2—1

where only the positive root is taken because e > 0 and u = coshw > 1.
Taking the logarithm of both sides we have w = In(u + vu2 — 1) = cosh™ '

so that
dcosh ' u B ( 1 ) (u’ N uu’ )
dx u+vVu? -1 u? — 1

or

dcosh™'u o
dz Vi —1
and this implies that
1 du
dcosh™ u = ——.
u? —1

In any case, the solution to our problem is

y = acosh (x—:z:())
@

which is called a catenary. Note that y(z) > 0 implies @ > 0. We want to
choose the constants o and zy such that the curve passes through the points
(24,Ya) and (xp,yp), but this can’t always be done. Without going into the
details, this is because our theory only determines twice-differentiable solutions.
The general solution to this problem is called the Goldschmidt discontinuous
solution.

5 An Alternative Approach to the Functional
Derivative

While we have defined the functional derivative by analogy with the ordinary
derivative, there are other definitions that are also frequently used. For example,
in the path integral approach to quantum field theory the following approach is
quite useful.

Let F be a function of N variables yg,y1,...,ynv—1. If we start at a point

19



y® = (¥8,...,¥%_,) and move to another nearby point with coordinates y, =
Y9 + dy,,, then from calculus we know that

N-1
F
=¥ 2F

dyp,.
= Oyn

yO

Suppose we have a function y(z) with x defined on some interval [a,b]. We
break this into N — 1 subintervals with a spacing € between points. Then
(N —1)e = b—a and the nth point is at © = x,, = a + ne. The function y takes
the values y, = y(x,) = y(a+ne) which clearly approaches y(z) as N — oo and
e — 0. In this limit, our function F[{y,}] becomes a function of the function
y(x), and we write this functional as Fly].

Now, what does the above expression for dF' look like as N — oco? Recall
the definition of integral:

b N—-1
[ ot - tiny 3 <)
Write dF' as N
— 1 OF
dF = - dy,,.
S ()

Now take the limit ¢ — 0 with © = a+ne. Introducing the notation dy,, = dy(x)
we define the functional derivative 6F/dy(x) by

(", SFy]
0F[y] —/a dx 55()

dy () (15)

y°(x)

where y°(x) is the particular function y(z) that is the starting point for the
arbitrary infinitesimal variation dy(x), and the factor 1/¢ was absorbed into the
term 0F/dy(x). Since now F' is a functional and not a function, we also write
0F instead of dF' to denote the infinitesimal change in F.

Example 6. Let 1
Pl = [ @ de.
Then to first order in oy we have
1 1
Fly+60) = | @) +u@P do = [ (@) +29()oy(a) do

so that
0F[y] = Fly +dy] — Fly] = /O 2y(x)dy(z) dz.
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Comparison with (15) shows that

Generalizing this result to Fly] = fol [y(x)]™ dz is easy using the binomial

theorem .
(a+b)" = Z <Z> a" bk

k=1

where the binomial coefficient is defined by

&)

Then expanding to first order we have

1 1
F[y+5y]=/ (y+5y)”dx=/ {y" +ny" "oy} du
0 0

so that L
Fly+dy] - Fly] = / ny" "oy dx
0
and hence, as we would expect, comparison with equation (15) shows that

§F
oy ()

In fact, we can now use this result to find the derivative of more general
functionals. For example, using the Taylor expansions

= nly(@)]" .

3 5 y2 y4
siny =y — =+ = — - and cosy:1—§+z+-.-

we have

Example 7. Consider the functional Flg] = [ f(z)g(z) dz where f(z) is some
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fixed function. Then

5F(g) = Flg + 3g) — Flg] = / F(@)lo(z) + bo(x)] der — / F(@)g(e) de

— [ f@g(z) iz
so that comparison with equation (15) shows that
SFg]
= f(z).

We can also use this approach to derive the Euler-Lagrange equation. Let
us first consider a simpler problem. Start from

Fll = [ Liy(a).x)do

where L is just some function of y(z) and z. Varying y(x) we have (to first
order)

oL
Fly+ dy] = /L(y + 0y, x)dx = / [L(y(a:), x) + %53} dx.
Therefore

5F:F[y+6y]—F[y]:/d:v%g;’y)5y

and hence by (15) again we have
OF  OL(x,y)
5y($) dy
As a simple example, suppose F[y] = [z’ ~¥() dz. Then from (16) we find
SF /6y = —alev(®),
Next, to derive the Euler-Lagrange equation we proceed exactly as we did
earlier. Starting from

(16)

b
Fly) = / L(y(@),y (z),) dx

we have (to first order as usual)

b
F[y+6y]:/ L(y + 0y,y' + 6y, x) dz
b
!
:/a [L(y,y,x) a9y 5 +F5y]

:/ab {L(yy x)+g—5 —E(g—;)sy]dﬂg, y()
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This gives us

b oL d [OL oL
6F = /a dCC |:a—y — % (a—yl)]5y($) + a—y,5y(x)

a

If we think of (15) as a sum over terms [§L/dy(x)]dy(z) as = goes from a to b,
then for & # a, b we have the functional derivative as the coefficient of dy(z):

0L 0L d 8_L
Yy’

(17)

Sy(x) 0y dx
whereas if = a or b, then we must include the boundary term

oL oL

“oyl, T oy

b

a

because these are the coefficients of dy(a) and dy(b).

To again arrive at the Euler-Lagrange equation, we first define the functional
(called the action)

t1
Stalt)] = [ Llale).(0).0)de.
to

Hamilton’s principle then states that the true trajectory of the particle is
one which minimizes the action subject to the constraint that the endpoints are
fixed (i.e., no boundary terms). This just means that

08

5z (t)

and therefore equation (17) yields the usual Euler-Lagrange equation
oL d (oL\ 0
or dt\oi)

6 The Dirac Delta Function

Let us consider the simplest possible functional

Fly(z)] = y(xo)

which just evaluates y(x) at the specific point zg, and ask about it’s functional
derivative. Well, since F' depends on y at only the single point zq, if we vary y
at some point other than xg it will obviously have no effect on F', and therefore
we must have

0F
m—o fOI'CC#ilfo.

In order to deduce what the functional derivative of F' is at zq, let us assume
there exists some function 0(z — o) such that

Flu@)) = [ 8(a = z0)y(o) do. (18)

23



Since F' is independent of y(z) for x # x9, we must have §(z — z¢) = 0 for
x # x9. And since the measure dz goes to zero, the value of [ §(z — zo)y(z) dz
will be zero for any finite value of §(x —x¢) at the single point z¢. Thus d(xz—x()
must be infinite at © = z¢. Fortunately, the actual value of §(0) is irrelevant for
practical purposes, because all we really need to know is how to integrate with
o(x).

Using the definition Fly(x)] = y(x¢), we define the “function” §(x) by

b
y(zo) = / 5(z — zo)y(x) de

where x¢ € [a,b]. Note that choosing the particular case y(x) = 1, this equation

shows that )
/ 0(x — o) dx = 1.

Thus, even though its width is zero, the area under the ¢ function is 1. Such
“functions” can be realized as the limit of a sequence of proper functions such
as the gaussians

or as

In any case, from equation (18) we see that
OF = Fly + dy] = Fly]

/51:_3;0 (z) + oy (=) d:c—/éx—xo)y( ) dx

_ / 8(x — 20)dy() d

and comparing this with equation (15) we conclude that

oF
sy )
. 53/(350) _ -
e = (z — o). (19)

Given that we have the delta function by one approach or another, we can
use it to define the functional derivative in a manner analogous to the ordinary
derivative by

SFly]
5y (o) = lim = {F z) 4 ed(z — x0)] — Fly(z)]}.
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To see the equivalence of this definition with equation (15), consider a variation
of the “independent variable” y(z) that is localized at xy and has strength e:

oy(x) = ed(x — xp) .

Using this in (15) we have

OF[y] SFy]
0F [yl = Fly+¢d(z —zp)] — F :/d:c bz —xp) =e———
so that dividing by € we obtain
iy Py +ed(@ —xo)] — Fly] _ 6F[y]
im = .
=0 € dy(wo)
For instance, using the same functional Fly] = fol y(z)? dr as we had in

Example 6, we again find that (by expanding to first order in e and assuming
that zo € [0,1])

OFlyl _ o l{ /Ol[y(:c) +ed(z — 20))* da — /01 y(z)? dw}

1

1
=lim — [ 2ed(x — zo)y(x)dx
e—=0¢ Jo

= 2y(@o).

If Fly] = [ y(z)™ dz, then this approach along with the binomial theorem gives
the result

Ol
5y(zo) = n[y(zo)] .
Note also that if we take F[y] = y(x) then
oy(z) _ . 1
Sy(ao) — i 2 (@) + €0z — o) — y(a)}

= 0(x — o)

in agreement with equation (19). As another way of seeing this, we can write
F[y] in the explicitly functional form

Fly) = / y(2)6(z — 7) dz = y(z)

and therefore
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7 Constraints and Lagrange Multipliers

Here is the general idea behind Lagrange multipliers. Suppose we have a func-
tion f(x,y) that we want to extremize subject to a constraint equation of the
form g(z,y) = 0. Assume that this constrained (relative) extremum occurs at
the point (x,yo). Furthermore, let us assume that the constraint equation is
parametrized as @ = x(s),y = y(s) where s is arc length and s = 0 at (20, yo).
Then z = f(z(s),y(s)) has an extremum at (xo,yo) so that dz/ds = 0 at that
point. But this means that at (2, yo) we have

_ds_0fde  0fdy _

% ords Tayas VT

where T = (2/(s),y'(s)) is the (unit) tangent to the curve g(z(s),y(s)) = 0, and
therefore V f is orthogonal to T at (zo,yo) (assuming that V f # 0).

On the other hand, we know that Vg is orthogonal to surfaces of constant g.
(This is just the statement that since dg = Vg - dr in general, it follows that if
dr lies in the direction of constant g, then dg = 0 so that Vg must be orthogonal
to dr.) Since g(z,y) = 0 is a level curve for g, it must be that Vg is orthogonal
to T also. But then both V f and Vg are orthogonal to T, and all of them lie
in the same plane so that we must have V f = AVg for some scalar A. In other
words, we have V(f — \g) = 0.

Now suppose we have a function f(x) defined on R?, and in addition, suppose
that we wish to extremize this function subject to two constraint equations
g(x) = 0 and h(x) = 0. These constraint equations are surfaces in R3, and
we also assume that they intersect along some curve with tangent T. (If they
don’t, then it is impossible to satisfy the conditions of the problem.) Again, we
evaluate f along this intersection curve and look for the point where df = 0.
As before, this means we want the point where Vf - T = 0. Since T is also
tangent to both constraint surfaces, it must be that Vg - T = VA - T = 0, and
therefore V f, Vg and Vh all lie in the same plane orthogonal to T. This means
that two of them can be written as a linear combination of the others so that
we can write Vf = A\ Vg + A\aVh or V(f — A\g— \ah) = 0. Points that satisfy
equations of this type are called critical points.

In the simpler case of a single constraint equation g(x) = 0, we would have
to evaluate f over the surface ¢ = 0 and look for the point xg where Vf is
orthogonal to the entire tangent plane (i.e., df = 0 no matter which direction
you move). Since Vg is also orthogonal to the tangent plane, it again follows
that V f and Vg must be proportional.

Before working an example, let me remark that the question of local versus
absolute extremum depends on the notion of a continuous function on compact
spaces. If the domain of f is compact, then f has an absolute max or min
on that domain. In the case of R™, compactness is equivalent to being closed
and bounded (this is the famous Heine-Borel theorem). We also ignore the
question of how to prove that a given critical point is a max, min or saddle
point. Fortunately, this is usually clear in most physical problems.
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Example 8. Let f(z,y,2) = ryz and g(x,y,2) = 22 +y?> + 22 — 1 = 0. Then
V(f + Ag) = 0 implies

yz+2 =0
zz+2\y =0
zy+2Xz=0

together with #2 4+ y2 + 22 = 1. Multiply the first three equations by x,v, z
respectively and add them together using the last (constraint) equation to obtain
3xyz+2X=0o0r A = —(3/2)xyz.

The first equation now yields yz — 322yz = 0. If y, 2 # 0 then x = +1//3.
The second equation is 2 — 3zy%2 = 0 which implies y = +1/ V3 (since z and y
are nonzero), and the third equation is xy—3zyz? = 0s0 z = :I:l/\/g. Therefore
the max and min are the eight points (£1/v/3,+1/v/3,4+1/v/3).

What if y = 0?7 The second equation then says that xz = 0 which implies
either x = 0 or z = 0 also. But if x = 0 then the constraint equation says
that z = +1. If y = 0 and z = 0 then we similarly have x = +1. If we
had started with the assumption that z = 0 we would have zy = 0, so follow-
ing the same argument we conclude that we also have the additional solutions
(0,0,+£1),(0,£1,0) and (£1,0,0).

Do these additional solutions also correspond to either a max or min? No,
they don’t. To see this, look at the function f = zyz in, for example, a neigh-
borhood of (0,0, 1). As you move away from this point in the 2 and y directions,
the function f(x,y,1) = zy will be > 0 if 2, y have the same sign, and it will be
< 0 if they have opposite signs. Thus these additional points are inflection (or
saddle) points.

Now that we have the basic idea behind Lagrange multipliers, we wish to
apply it to minimizing functionals (as opposed to simply functions) subject
to constraints. To keep the notation as simple as possible, and also to agree
with the way many texts treat the subject, we begin by turning to the third
formulation of the calculus of variations. (The first two formulations led to
equations (5) and (13).)

Recall that we had z(t) — z(t) = x(t) + n(t) and we varied the curve 7(t).
(We labeled the curve n(t) by h(t) before, but I don’t want to confuse this with
the function h defined below.) This led to the functional

t )
F[ = f(@,z,t)dt.

to

Now, instead of varying 7, let us choose an arbitrary but fized n, and introduce
a variation parameter € so that

z(t,e) = x(t) + en(t).
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(Let me remark that the specific form Z = x 4 en is never needed in what
follows. All that we really need is a one-parameter family of test functions
Z(t,e). See the discussion below.) Then the functional becomes an ordinary
integral function of ¢ which we denote by I(e):

th )

I(e) = f(z,2,t)dt.

to
Be sure to realize just what the difference is between the integrands in these
two equations, and why the first is a functional while the second is an ordinary
function.

In the present case, ¢ = 0 corresponds to the desired extremizing function
x(t). Recall also that in deriving the Euler-Lagrange equation, our curves 7(t)
all obeyed the boundary conditions 7(ty) = n(t1) = 0, i.e., all of the varied
curves pass through the fized endpoints xg = x(to) and z1 = x(¢t1). In other
words, we have

Z(to,e) =z and Z(t1,e) =x; foralle
and Z(t,0) = z(t) is the desired extremizing function. We shall also assume that
Z(t,e) is C?, i.e., that it has continuous first and second derivatives so that
0? 0?
0t~ D=0t
Since Z(t,0) = z(t) we see that I(0) = [ f(z,,t) dt is the desired extremized
functional, and hence we want

dI(e)
de
Note that by using the parameter ¢ we can now take the ordinary derivative
of I(e), whereas before we were really taking the functional derivative of F[vy].
Again, be aware that dI/de = 0 only gives an extremum, and not necessarily
a minimum. Making the distinction between a max and min is tricky, and in
our physical problems it will usually be obvious that we have indeed found a
minimum.
Before addressing the problem of constraints, let us show how to derive the
Euler-Lagrange equation in this new formalism. We have

dl i
de  de

/tl gd:c of dx .
i (%Eds ox de

/tl of d af d (dz e dv  ddi ddi
= — — mn —_— = = ——
. 0T da 0% dt \ de de dedt dtde

/tl{af d( )]d:z: 8fd
), Loz at de o7 de
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But Z(tg,e) = o for all €, so by definition of the derivative we have

@
de

— lim Z(tg,e + 0) — Z(to, &) _0
to 5—0 5

and similarly for Z(t1,e). Therefore the boundary terms vanish and we are left

with
i [ d(ory]aE,
e Jy, 07 dt\pz/)|de

/tl of A (of\] dr
o Jw LOT  dt\oz)]._,de

(M Taf  d[of
—/m [%‘a(%ﬂ”dt

Observe that now this last equation is in terms of 2 and not . Also, this result
doesn’t depend on the specific form z = x + en. We could just as easily define
n(t) = dZ/de|.—o for any one-parameter family of test functions Z(t,e) and it
would still be an arbitrary function.

Since 7)(t) is arbitrary, our lemma tells us that

aof d [(Of 0

Ox dt <8x> N
as before. Note also that taking the limit ¢ — 0 and letting £ — x and e
depended on 7 being C?. (Recall we showed that the Euler-Lagrange equation
is second order.)

Now that we have this last formalism available, let us return to the problem
of constraints. We first treat the problem of integral constraints. Thus we
want to minimize the functional I = [ f(z,,t)dt subject to the constraint
J = [ g(x,&,t)dt = const. If we were to proceed as above and let x — Z(t,¢),
then the equation J(g) = const would force a specific value for £ and there
would be no way to vary I(e).

To get around this problem we introduce a two-parameter family of functions
Z(t,e1,e2) with the following properties:

This then gives us

dI
Oi

= dt
de

e=0

(1) Z(to,e1,€2) = xo and Z(ty,e1,62) = a1 for all £1,e2 (i.e., fixed end-
points);

(2) Z(t,0,0) = x(t) is the desired extremizing function;

(3) Z(t,e1,e2) has continuous derivatives through second order in all vari-
ables.

tl .
1(51752) = f(ff(t,é‘l,62),%(15751,5‘2),0 dt
to
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and .
1 .
J(e1,e2) = / g(Z(t,e1,e2),Z(t,e1,€2),t) dt = const.
to
We want to extremize the function I(e1,e2) subject to the constraint equation
J(e1,e2) = const (or J(e1,e2) — const = 0). This is just the original Lagrange
multiplier problem, so we form the quantity

K(El,é‘g)21(51,82)+/\J(61,52). (20)

The requirement V(f + Ag) = 0 that we had in our general discussion now
becomes

0K
881

OK

= — :0
882

61252:0

E£1=€2 =0
where

K(sl,ag)z/(f—i-)\g)dt ::/h(/f,%,t)dt

and the gradient is with respect to the variables €1 and 5.
This is now just the Euler-Lagrange problem that we already solved, so we
have for i = 1,2

oe; ), \o70s o5 0e
PR
a to 65 dt 8&.? 657:

or 9 di  dox

881' o 8515 o E(‘?EZ

and where, as usual, property (1) above allows us to drop the boundary terms.
Writing

oK ty (ah 0% 0Oh a;b)
= dt
t

where we used

oz
ni(t) =
8Ei 61252:0
we have
K “ron  d [0k
= — — (=) |m@)dt = = 1,2.
R /t [(%c dt(@:‘cﬂnw 0 !

Since n;(t) is an arbitrary function, by our lemma we again arrive at
oh d (Oh
—~_Z(Z=)=0 21
Oxr dt ( o ) (21)

hz,z,t) = f(x,2,t) + Ag(z, &,t). (22)

where
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Equation (21) looks exactly like our previous version of the Euler-Lagrange
equation except that now h = f 4+ Ag replaces f.

Note that since the Euler-Lagrange equation is second order (as we saw
earlier) there are two constants of integration in its solution. These, together
with the Lagrange multiplier A, are just enough to ensure that x(¢) passes
through the endpoints z¢p = x(tp) and 1 = z(t1), and that J has its correct
value.

Generalizing this result is easy. If we have m integral constraint equations

Jj:/gj(x,x',t)dt:const ji=1,....m
we introduce m + 1 parameters 5,k = 1,...,m + 1 and consider the functions
T(t €1y .. Emy1) = T(t,€) where x(t O) = ( ) is the extremizing function
(through fixed endpoints). With I(e) = [ f(Z,7,t) dt we would then form the
function .
h=Ff+Y \g; A,j = const

j=1

so that

K(e) = / (Z,7,t) dt = /fx:btdt—l—Z)\/ng:vt)dt

and again require that

oK
&Sk
In addition, we could have n dependent variables z;(t) so that I = [ f(x;, s, ) dt

(where f is a function of x1(t),...,z,(t)) and J; = [g;(z;,@;,t)dt for j =
1,...,m. Now we have

=0 forallk=1,...,m+ 1.
e=0

/f T, Tt where ; = Z;(t,€1, ..., Em41)
Ji(e) = /g](:vz,xl,t) dt
K(e) :/h(’:z?i,’:i?i,t) dt

with .
h(ffl, fd.?i, t) = f(gz, %i, t) =+ Z Ajgj(ffi, %i, t)
j=1
Then
0K oh (%cl oh 07
— = —_— dt k=1,... 1
Der (8:171 9er 0%, 85k) et

oh \1 0%,
[3:171 ((% )] 32 dt (since all boundary terms vanish)

b
/%
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so that

0K " [Oh d [Oh
Ber .o /;L’% dt(@@ﬂ"’“() 0 m
where
mk(t)::M fori=1,...,nand k=1,...,m+1.
af—:k e=0

Finally, since each 7;(t) is arbitrary we have

oh d [ Oh )

3xi_§<3i¢i>_o foreachi=1,....,n (23)
where .

h(wi, i) = f (@i, &4, 1) + Z Aj g (@i, &, t). (24)

Jj=1

(Equation (23) follows by noting that since each 7, is arbitrary, for any fixed k
we can let n;;, = 0 for all i except one, say ¢ = [. Then Oh/0x;—(d/dt)(0h/0x;) =
0.)

These equations can be solved because we have n variables x; plus m of
the A;’s as unknowns, but we also have n Euler-Lagrange equations plus m
constraint equations.

Example 9. Let us solve the problem of a freely hanging perfectly flexible rope
with fixed endpoints. This is referred to as an isoperimetric problem.

Y

(6, yb)

(Ta,Ya)

T

Our approach will be to minimize the potential energy of the rope.
Let p be the mass per unit length. The the potential energy relative to the

T-axis is o
pg/yds =pg/ yv1+y?dz.
T

a

The constraint is that the length of the rope is fixed:

Ty
L:/dSZ/ 1+ y?dx.
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We form the function

h = pgy/1+y2 + \/1 4y
= pgyV1+y"? — pgyov1+y”?

= pgv 1+ y"2(y — yo)

where we have defined the constant yy by A\ = —pgyo and now gy is to be
determined.
Change variables from y to z = y — yp. Then 2/ = 3y’ and we have

h = pgzv1+ z’2. But now this is exactly the same form of function as we
had in solving the surface of revolution problem. And as Feynman said, “The
same equations have the same solution.” So the solution to this problem is the
catenary z = accosh[(z — z¢)/a] or

Yy = Yo + a cosh <x—x0>
o

where xg,yo and « are fixed by the requirements that the ends are at (x4, ya)
and (2p, yp) and that the length of the rope is fixed.

Example 10. Another famous solution solves the Dido problem: Find the
curve with fixed length that encloses the maximum area. (Actually, this is only
one version of the problem.) Here we want the functions x(t), y(¢) such that the
curve (z(t),y(t)) encloses the maximum area. We will use the following formula
for the enclosed area:

ty
A:—/ (zy — 2y) dt.
2 Ji

a

This formula is a consequence of Green’s Theorem, which you should have had

in calculus:
dg Of
z,y)dr + g(z,y)d :/<———>dA.
ﬁf( ) g9(z,y) dy Ry

If we let f =0 and g = x in this formula, then § zdy = [dA = A. And letting
f=-yand g=0yields § —ydz = [ dA = A. Therefore

1 1
Azi/zdy—ydzzi/(xy—i:y)dt.

The length of the curve is given by
tp
L= /ds :/ (@2 + 922 dt
ta
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and hence our function A is
1
h(w,y,3,9,1) = 5 (w5 — dy) + M@? + %)%,
Note that we have one independent variable, two dependent variables, one con-

straint equation and hence one Lagrange multiplier. From equation (23) we
obtain the equations

_Oh doh 1. df 1. &
T ox dtox 20 at| 2T @+go)e
or d
X
:.—)\—7
=43 |G )
and
_Oh dOh _ 1. dfl
SOy dtoy 27 dt|2 (@2 + g?)1/2
or

d Y
0=+ \—|———=|.
3 |
Both of these equations are exact differentials and can be easily integrated to
yield
_ & e — y
y—yo—k($2+y2)1/2 and a8 = [ty = >\(3'c2+y'2)1/2
where g, yo are determined by the fixed end points.
Clearly, squaring both equations and adding gives

(x — @0)® + (y — y0)* = N2

which is the equation of a circle of radius A centered at (2, yo). Since the length
L is fixed, we have A = L/2w. The points xg,yo are chosen so that the circle
passes through the chosen endpoint (which is the same as the starting point for
a closed curve). Also, here is an example of the extremum being a maximum
and not a minimum (as is obvious from its physical interpretation).

The last topic we shall address is the problem of algebraic (or non-integral)
constraints. These are the types of constraints that usually arise in classical
mechanics.

The problem we will consider is this: Suppose we want to minimize the
functional I = f:ol f(x;,@;,t)dt (where i = 1,...,n) subject to the constraint
g(zi,t) = 0. Be sure to note that g does not depend on the #;’s. Exactly
as we did before, we introduce two parameters 1,5 together with the varied
functions z;(t,e1,£2) such that
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(1) Z;(to,e1,62) = xip and T;(t1,£1,82) = x;y for all e1,e5 (i.e., fixed end-
points);

(2) @;(t,0,0) = z;(t) are the desired extremizing functions;

(3) @;(t,e1,e2) has continuous derivatives through second order in all vari-
ables.
Again form I(e1,e0) = fttol f(Zi, T, t) dt and require that (81/9e;).—0 = 0
subject to g(z;,t) = 0. We note that the integral constraint considered previ-
ously is a global constraint in that after the integration we are left with only a
relation between the e variables. However, g = 0 is a local constraint because
it allows us to write one of the z; in terms of the other n — 1 of the z;’s. If we
were to integrate g we would lose most of its content.
But we can turn it into an integral constraint and still keep its generality if
we multiply ¢ by an arbitary function ¢(t) and then integrate. This yields the
integral constraint

J(e1,e2) = /t 1 o(t)g(x;,t) dt = 0.

Now, just as before, we let
K(El, 62) = I(El, 52) + )\J(El, 82)

and require

0K
(981

0K

:0_—
682

e=0

e=0
where
t1 .
K(El,é‘g) :/ h(iz,gz,t) dt
to

and h = f + Apg.
We now define A(t) := A¢(t) (which is a completely arbitrary function so
far) and hence

Proceeding in the usual manner we have (for j = 1,2)

OK < [" [ 0h 0%; Oh 0
= el bl I
e ;/to (3@ 9z " oz, 353‘)

[ (oo,
_1_21 to oT; dt 85[71 an '

0%;
85‘j

Write

=i (t)

€1 :€2:0
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so that evaluating (0K /0¢;).=¢ yields (for each j = 1,2)

Z/O {sz__<§f)}n?(t)dt—0. (25)

However, at this point we have to be careful — the 7} (t) are not all inde-
pendent. The reason for this is easily seen if we differentiate g(z;,t) = 0 with

respect to €;:
Z 89 8171
65J — Oz O¢;

and hence for each j = 1,2 we have

99
85‘j

N~ 99

0= (%77]()

e=0 i=1

so that for each j the functions 77§- (t) are linearly related.
To proceed, we take advantage of the fact that A(¢) is still unspecified. Writ-
ing out equation (25) we have (remember ¢ is independent of ;)

Z ’ [6% —%(Si) +)\(t)§i}n§(t)dt_0. (26)

to
Choose i = 1 (a completely arbitrary choice) and assume that 7;(t) is given in
terms of the rest of the 7% (t) (where j is fixed). We choose A(t) so that

of of 99 _
-2 (5) +x0E ~o.

This means we don’t need to know njl- because its coefficient in equation (26) is
zero anyway, and we are left with

Z/ [5:101 _%(gi) +A(t)§i]n§(t)dt_o

where there is no ¢ = 1 term in the sum.
Now the remaining n — 1 of the 77§- (t) are completely independent so we may
equate their coefficients in (26) to zero:

of d[of 9 o
0z, dt(@:i?i)—i_)\(t)axi_o fori=2,...,n

This equation is identical to the result for i = 1 even though it was obtained in
a completely different manner. In any case, combining these results we have

Oh_d ( Oh

):0 foralli=1,...,n (27)
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where
Note that no derivative of A(t) appears because ¢ is independent of ;.
In the case of multiple constraints it should be obvious that we have

af d[of dg;
prl E<a¢i> +zj:Aj(t)a—Ii =0. (29)

Also be sure to realize that in the case of integral constraints, the Lagrange
multipliers A\ are constants, whereas in the case of algebraic constraints, the
multipliers A(¢) are functions of the independent variable ¢.

Example 11. There are a number of ways to show that the shortest path
between two points on the surface of a sphere is a great circle. In this example
we will prove this using Euler’s equation with Lagrange multipliers.

On a sphere of radius a, the path length is given by

s = /ds: /\/d:z:2—i—dg/2+dz2 :/ I g2 - 22
subject to the constraint
gz, y,2) =2> + 94>+ 2°—a®>=0.

Here « is the independent variable, so we have equation (29) for both y and z:

d Yy’

dx [(1 Y7+ 2,2)1/2} PRy =0
and ; ,
z

o [(1 v z’2)1/2] + 2X\(z)z = 0.

Solving both of these for 2\ and equating them we obtain

1d y' 1d Z _0
y dx (1+y’2—|—z’2)1/2 2 dx (1+y’2—|—z’2)1/2 -

which becomes
Z[y//(l +y/2 + 2/2) _ y/(y/y// + Z/Z//)] _ y[zll(l +y/2 + 2/2) _ Z/(y/y// _|_Z/Z//)] =0
or simply

zy" + (yy/ + ZZ/)ZIyH _ yz" _ (yy/ + ZZI)yIZH =),

Taking the derivative of the constraint equation with respect to x yields = +
yy'+2z2" = 0 so that yy' + 22" = —z. Substituting this into the previous equation
results in

(z — 22y = (y — =y)2". (30)
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It’s not immediately obvious, but this is the intersection of the sphere with a
plane passing through the origin. To see this, recall that the equation of a plane
through the point xy and perpendicular to the vector n is the set of points x
satisfying (x—x¢)-n = 0. In this case we want x( to be the origin, and if we write
n = (ng, Wy n.) then the equation of the plane becomes zn, + yny +z2n, =0
which is of the form Az + By = z. Taking the derivative with respect to z
gives A+ By’ = 2’ and taking the derivative again gives By” = z”. Therefore
B = 2"/y"” so that A = 2’ — y'2"/y”. Using these, the equation of a plane
becomes exactly equation (30). In other words, equation (30) represents the
intersection of a plane through the origin and the sphere. This defines a great
circle on the sphere.

8 Extremization of Multiple Integrals

We now turn our attention to the problem of extremizing an integral with more
than one independent variable. We start with the simplest case of two such
variables.

So, let y = y(x1,x2) be a function of two real variables, and consider the
integral

I:/ f(yaalyua2y7$17$2) dl’ldl’g
D

where we use the shorthand notation 9; = 9/9x;. The integral is over some
domain D in the xjxs-plane, and we let the boundary of this domain be denoted
by dD. (This is standard notation for the boundary, and does not refer to the
partial derivative of anything.) In our previous cases, we specified the value of
x(t) at the endpoints t1,ts of an interval. Now we must specify the value of
y(x1,22) on 0D, and hence we write

y(xlax2)|ap = g(dD)

where g(0D) is some function defined on the one-dimensional curve 0D.

We again introduce a one-parameter family of test functions y that have the
properties

(1) g(Il,Imf)‘aD = g(0D) for all &;

(2) y(x1,22,0) = y(x1,22), the desired extremizing function;

(3) y(x1,x2,€) has continuous first and second derivatives.

As before, we form

1(5):/ f(y, 01y, 02y, x1, x2) dr1dao
D

and require that
dl

de

e=0
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Then we have

U [ [, 0 (), (O]
de  Jp oy de " 0(01y) de \Ox1 ) " 0(0ay) de \ 0o re

,/ﬁd_zﬁr of 0 (dy\_ _of 0 (dy\]. .
= Jp 07 de T 9(019) 91 \de ) T 9(a7) Oz \de ) | T

To effect the integration by parts in this case, we again refer to Green’s
theorem in the form

/ |:6—P+@j| d,Tld/,TQ: Pd,TQ—QdJJl.
D 8171 8$2 8D

Let us write
P = R(x1,29)A(x1,22) and Q = R(x1,22)B(x1,z2)
so that Green’s Theorem may be written as

D 8171 8(172

_ _/ |:% + 8_B:| Rdxidxs +/ [A dxy — BdiEl]R
p 01 Oxo aD

To apply this result to the second and third terms in the integrand of dI/de,

we let e 5 5
_ a-_9f B f

R= 30:7) = 50:7)

to obtain

i [[of o ( of o (_0f \ldi,
E_/l; {5_?_5—11(3(31@) _3—$C2<5(32@>}£ e

dy[ _of . _Of
*AD%b@m“2a@@“1

But by property (1) above we have dy/de = 0 on 9D, and hence the second
integral above vanishes. Using our extremum condition dI/de|.—o = 0 we are
left with

/D [g_z a Bizvl <6(%1fy)> - aim (a(%fy)ﬂﬁ(irl,xz)d:cld:cz -0

dy
de | _o

Since n(x1,x2) is an arbitrary function on D, we have the Euler-Lagrange equa-
tion for two independent variables

39

where

n(w1,z2) =



Example 12. Let us use equation (31) to derive the wave equation for a vi-
brating string. Our approach will be to use Hamilton’s principle as mentioned
in Example 3.

We consider a perfectly flexible elastic string stretched under constant ten-
sion 7 along the z-axis with endpoints fixed at z = 0 and = = [. Assume that
the string undergoes small, transverse vibrations in the absence of gravity. Let
the amplitude (i.e., string displacement) of the vibrations at time ¢ be y(x,t)
where small vibrations means |0y/0x| < 1. The velocity at any point is given
by dy/0t, and the fixed endpoint condition is y(0,t) = y(,t) = 0 for all ¢.

Next we must find the Lagrangian for the string. Let p(xz) be the mass
density of the string. Then an element dx of string has mass p(x)dz with

kinetic energy
1 dy >

and hence the total kinetic energy of the string is given by

Now, potential energy is defined as the work required to put the system
into a given configuration. In this case, the work required to stretch the string

from its equilibrium length [ to another length s against the constant force 7 is
V=r(s=1)=7([ds—1)or

vzf[/olm_z} ZT[/OI\/W&E—Z}

But we are assuming |dy/dz| < 1 so that

ViTEE 1+ ()

[ (@

The Lagrangian L =T — V now becomes
| oy . y >
2= [ 3l (5 (5 |+
1 dy 2 oy >
<=3 (5) ()]
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is called the Lagrangian density because its spatial integral is just L. Hamil-
ton’s principle says that the actual motion of the system is given by the path
that extremizes the integral

I:/Ldt:/i”dzdt.

(The integral [ Ldt is frequently called the action and denoted by S.) From
equation (31) we have

%_%<a?5i/)> _%(%> -

and using our Lagrangian density this becomes

0%y 0%y

0-752 ~ P05

or simply
Py _ole) oy
or2 1 o2’
This is the equation of motion (the wave equation) for the string.

Without working through the details, it is easy to write down some general-
izations of this formalism. First suppose that we have n independent variables
Z1,...,Ty. We want to extremize the integral

I:/ LY, MY, Ony, 1, ..., Tpn)d T
D

where y = y(z1,...,2,), D is some region of R", d"z = dx;---dx, is the
n-dimensional volume element, and y is given some prescribed value on the
(n — 1)-dimensional boundary dD. Then the Euler-Lagrange equation which
gives the extremizing path y is

0L 0Z “ 9 0L
a—y'—a—y‘;a—%(—m )= 3

where we have defined the functional derivative 0. /dy by this equation.

Actually, using variational notation and the summation convention, this is
easy to derive directly. Indeed, we have

5[2/ 0L (Y, 01Y, ..., 00y, T1,...,2,)d"x
D

0L 0L
= [ |=6y+ —60y| d"x
/D[ay YT 80 Y
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0L 0L
= — 0y + ————0;0 ]d"x
/D[ay (T

= [ [5 0+ 0 postn) - 0o Jau] e

But the n-dimensional version of the Divergence Theorem reads
D oD

where da; is the ith component of the n-dimensional area element. (This is just
JpV-fd"z = [, f-da.) Therefore the middle term in the integrand becomes
a surface integral over 0D where dy is assumed to vanish, and hence we are left

with 5. 9.
1= [ [ - (2 v
p L0y 20 ) )Y

Since 0y is arbitrary, we see that 6/ = 0 implies
0L 07
a0 aw) =

which is just equation (32).

As a passing remark, in quantum field theory we would have d"z = d*z =
drdztdz?dx® = dt dw dy dz, and the dependent variable y is frequently written
as @ in the case of a scalar field. Then the Euler-Lagrange for the quantum field

® is written as
0L 0L
— =0l =— | =0
dp g <8((‘9H<p)>

or

07 0Z
— =0l 5— ) =0 (33)
Oy 3(/97#
where it is conventional to use Greek letters to indicate a summation over the
four spacetime variables, and ¢ , = d,¢.

Example 13. Consider the Lagrangian density

L = = [(Bap) (0% 0) — m*¢?

N = D] =

(9% (0a0) (D) — m*@?].

where m is a constant. Then
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while
0L

9(0up)
Applying equation (33) we now have

1 «
= 59°7 (04 05 + D 0f) = 0.

0,00 +m?p =0

which is called the Klein-Gordon equation, and is a relativistically invariant
equation that describes a spinless particle of mass m. The operator 0,0 is
called the d’Alembertian and is frequently written in various forms as 9,,0* =
0-0 = 0? =02 =0, and the Klein-Gordon equation is often written as

(O+m?)p =0.

As an aside, this equation follows from the relativistic expression E? =
p2c? + m?c* and the usual quantum mechanical substitutions E — ih(9/0t)
and p — —ihAV so that

82
—h2aT;p = (=2h*V2 + m2ct)p
or 92 2.2
AN v- VLI P
(8(01&)2 Ve + 72 )cp 0.

Letting p = mc/h (a frequently used notation) this is
0 2., 2 2
—— -V = (O =0
(a(x0)2 +u><p O+ p)e

which is the same as (O + m?)p = 0 if we are using the units ¢ = h = 1.

Carrying this even further, suppose that in addition we have m dependent
variables y1, ..., ym where y; = y;(21,...,2,). Then extremizing the integral

IZ/ .i”(yj,(“)iyj,:vi)d”:v
D

leads to the set of m coupled second order PDEs

0L "9 0L
9z _ 97 )—o0, j=1,..m. 34
dy; 2 Ox; (3(31'%‘)) ! (3

i=1

Finally, suppose we have m dependent variables, n independent variables
and p integral equations of constraint of the form

Ji = / 91(y;,0iy;j, x;) d"x = const
D

43



wherei=1,...,n;7=1,...,mand k = 1,...,p. We again want to extremize
the integral

I:/ i”(yj,(?lyj,:cz)d"x
D

subject to these constraints. In analogy to what we have done previously, let us
form the function

p
h = Z-l—Z)\kgk
k=1

where the )\, are constant Lagrange multipliers. Now h will satisfy the system
of Euler-Lagrange equations

oh < 0 oh .
@_Zaxi (73(&-%—)) =0, j=1,...,m. (35)

i=1

Example 14. Consider the Lagrange density

B[ au ooy avow
- 2m| Oz Oz dy Oy 0z 0z

} + V(x,y, )™

where ¢ = (z,y, z) is a complex-valued function and V(x,y,z) is real. We
want to extremize the functional

I:/ L dPx
D

subject to the constraint
J:/ Yy diz = 1.
D

Note this is a variational problem with three independent variables (z,y, z), two
dependent variables (the real and imaginary parts ©g = y1 and 7 = ys of )
and one constraint.

Observing that, e.g.,

00" 0y _ (9 _ 901\ (Dm0
ox Oz ox ox

ox ! ox
ar\  (ovr\
(a—x) - (%)

Y =Y+

and
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we form

h=2 4 My

2[R\ | (0vr\ | (OvrY | (9vr\ | (Ovr\ | (0urY
—%[(a—x) - (a—y> +(W> *(%) *(a—y) - (W)]
+ (V(z,y,2) + \) (Y} + ¥7)

e |:<5¢R>2+ (2—12)2} +(V 4+ Nk + D).

2m P ox;

Using this in equation (35) with y; = ¢ and y2 = 1); we obtain the equations

2 8 2
Vit Mo = 3= 3 o (G2 ) = Vibm + M = 5 =0

m i—1 5_:E1 5!&'
and
R, W W n_,
V¢I+A¢I—%;M<axi) = Vipr + Mpr — 5~V =0.
Writing A = —FE we can combine these into the single equation

2
~ 2+ VY = By
2m

which you should recognize as the time-independent Schrodinger equation.

9 Symmetries and Noether’s Theorem

In this section we will derive the discrete mechanical version of the famous
theorem due to Emmy Noether. In other words, we will consider only systems
with a single independent variable x and a finite number of dependent variables
Y1, - -, Yn. While this will allow us to derive some of the basic conservation laws
of classical mechanics, the real power and use of Noether’s theorem lies in its
formulation in field theory in 4-dimensional spacetime. We will take up that
formulation in the following section.

Before diving into the general theory of variations, let us first take a look at
the particular case of a function f = f(x;,4;,t) that satisfies the Euler-Lagrange

equations
of d[of\ _ .
6,@1_%(61'1)_07 Z—l,...,n

and where f has no explicit time dependence, i.e, 9f /9t = 0. Then an arbitrary
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variation in f yields

_"3f‘3f.‘n5f.5fi,
5f—,2[axim+aa’:i‘sxl} ;[théz—'—&tidt x]

i 0 f + 0 f _d(of S
Pt 8171 i 0; oz dt \ 0; i)
The first and last terms cancel by the Euler-Lagrange equation and we are left

with
T a Z 8171

Now, if f is invariant under the transformation x; — x; +dx;, then by definition
we have §f = 0 so that

of
O

i=1

5:0Z = const.

This is a simple version of Noether’s theorem: a symmetry (invariance) of a
function satisfying the Euler-Lagrange equation leads to a conserved quantity.

With this simple example as a model, we now turn our attention to the more
general problem of arbitrarily varied paths.

In all of our work so far we have only considered variations where the varied
paths were given fixed, specified values on the boundary regions (e.g., fixed
endpoints for a path z(t)), and the independent variables themselves were never
varied. Now we want to relax both of these requirements.

For example, we could ask for the path that minimizes the travel time taken
by a particle moving under gravity from a fixed point to a given vertical line. In
this case, one end is fixed and the other is free to lie anywhere on the vertical line.
Also, we will see that if the independent variable is the time ¢, then invariance
of the Lagrangian under time translation leads to a conserved Hamiltonian (and
hence to conservation of energy if H = E).

Up to this point, we have looked at the integral (with a slight change of
notation)

-/ " fu(@), o (@), 2) du (36)

under variations y(x) — y(z, ) with fixed endpoints, and required that the in-
tegral be an extremum with respect to €. This resulted in the Euler-Lagrange
equation (a second-order differential equation for y(z)). Now we will look at
this integral under more general variations where the boundary terms do not
necessarily vanish, and where the independent variable z is also varied. Further-
more, instead of requiring that the integral be an extremum, we will investigate
the consequences of requiring that it be invariant under the transformations.
In other words, if I — I(), then we will require that () = I. This will give
us a first-order equation that is a generalization of the second form of Euler’s
equation (see equation (14)).
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Recall that our derivations dealt in general with a family of functions y(z, ).
A particular example of this was a choice of the form y(z,e) = y(z) + en(x)
where 1(z,) = n(zy) = 0. Now we consider more general variations where 7 can
depend on the dependent variables as well, and where the independent variable
is also varied. Thus we will consider the variations

y(x) — ylz,y,y") = y(x) +enlz, y,y) (37)

and
r—T=1z+e&(r,y,y) (38)

and use them to form the integral
0= [ 1.7 @).5) da. (39)

Be sure to note that /(s = 0) = I. Also note that the limits of integration here
are defined by evaluating equation (38) at the endpoints x, and y.

It is important to understand just what the function y(Z) really means. It
does not mean to replace x by T in equation (37). It means that we use equation
(38) to solve for x as a function of Z, and then use that x in equation (37). Also,
since we will be expanding I(£) only through first order in e, we can freely switch
between x and T in the functions n and &. This is because 1 and £ already have
a factor of € in front of them, so their arguments need only be to zeroth order
in g, and in zeroth order x and = are the same. Furthermore, a prime denotes
differentiation with respect to the appropriate independent variable. Thus the
prime on y'(Z) denotes differentiation with respect to Z, while the prime on
y'(x) denotes differentiation with respect to x.

Now let us follow through with this program. We first use equation (38) to
write x in terms of Z, keeping in mind what we just said about the argument of
& and 1. Then z = & — e£(T,y,y’) so that equation (37) becomes

y(x) = y(@ — e&(z,y,y") + en(z, y,y)

where y and 3’ are functions of Z. Expanding through first order in & we have

y(r) = y(z) — £(z, y, y’)j—y +en(z, y,y')

T
or
y(z) = y(@) +ep(z,9.9) (40)
where for simplicity we have defined
- / ~ / 7 N
p(Z,y,y") =0(@.y.y) =@ y.9) -

Using equation (40) in (39) we then have
_ Ty
1(e) :[ fy@) +ep@,y,y'), ' (7) + e (2,9, ¢'), 7) d.
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From equation (38) we write
Toq = Tq + 55(17, yvyl)‘wz% = Tq + 0q
Ty = op + €(x, vy, y')’m:zb =5+ 0

and then break up the integral as follows:

/117 /1b+l5b / /wb+l5b / /Ia+5 /1b+l5b
Tq Tq+da Tq+da

Since the second and third integrals on the right hand side of this equation have
an integration range proportional to ¢ (by definition of d, and d3), we can drop
all terms in their integrands that are of order € or higher. Then we can write

/ f(@) +ep(z,9,9), v (2) +ep'(Z,y,y'), T) dT

xp+0p Ta+0a
+ / (@), o (@), ) dz / (@), v/ (@), 7) dr.

xp Ta

The first of these integrals we expand through order €. For the second and third,
note that everything is continuous and the integration range is infinitesimal.
Then each of these two integrals is just the integration range times the integrand
evaluated at x; and x, respectively. This yields

i) - | " fw(@), v (@).7) d

o ) )
+8/% {p(i’,y,y’)a—yf(y v, z)+p'(z,y, y)a ,f(y,y’,f)] dz

+ oSy @), —0af(y, v T)|,

Now consider the second term in the second integral. Integrating by parts
and using the definition of p we have
d (0
vis ()
z \ Oy’

[ Aagee= ] laleag) -+
~(-<)al,... - [ (<) (5) -

Using the definitions of d,,d, and p, we can now write

)= | F(@),y (@),7) dz
2
re| (e g el

=Tp II
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But now realize that T has become just a dummy variable of integration because
the limits of integration only depend on x, and x;. This means we can replace T
by simply 2 throughout, and in particular the first integral is just I = I(e = 0).
Therefore we may write

I(a)—]-a/: B—J;— %(%)}(n—éy’)dw
hlflo-a )]

Let’s look at a special case of this result. If we let & = 0 (which means
that we don’t vary the independent variable) and require that n(z,y,y’ )|w =

n(x,y, y’)}mb = 0 (so the endpoints are fixed) then we obtain

-0 [ - 5( o

If we now require that

lim I(e)—1(0) d_f

A A Sl =0
e—0 > de =0

then the fact that 7 is arbitrary implies that we arrive at the usual Euler-
Lagrange equation

of or

dy ay'

It should be clear that this special case just duplicates the conditions of the
original Euler-Lagrange problem, and hence we should expect this result.

It should also be easy to see that the generalization of equation (41) to the
case of several dependent variables y1, ..., y, yields

/:b " {ayl (Sj)}w — &y;) da

o =1
+8[;mg—i+§(f—;y§gi)]; (42)
where
:/ YLy oy Yns Yrs o« s Yhy ) d
Ui(@) = yi(@) +eni(@,y1, - Yns Yis - )

7:x+€§(x7y17"'7yn7y17"'7yn)'

Before stating and proving Noether’s theorem, let us look at a special case
that illustrates the ideas involved. Recall that the conserved quantity defined
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in equation (14) was derived under the assumption that f(y,v’,z) (or f(z,,t)
in our earlier notation) satisfied the Euler-Lagrange equation had no ezplicit
dependence on the independent variable. We will now show that we can obtain
this same result as a consequence of the fact that if f(y,y’,z) = f(y,y’), then
the integral I = [ fdx is invariant under the particular transformation

y=y(z)+en and T=x+¢ (43)

with
n=0 and £=1. (44)

By invariant we mean that I(g) = I(¢ = 0) = I.
To see this, we start from

Tp
1= [ 1)y @) ds
and form the integral
0= [ 1G@.7@) ds.
Just as we did above, we now write (using n =0 and £ = 1)

y(z) = y(z —¢)

with
Tog =Tq+ e and Tp = Tp + €.

Then we have

where we used the fact that

dy(t—¢) _dy(—e)d@—¢c) dy(T—e)

€
dz (z—e) dz d(z —¢)
Changing variables to x = T — ¢ yields
— :Eb —
16)= [ Huo)y/ @) do = 10) = 1
which shows that I is indeed invariant under the given transformation (43) and
(44).

To see that this again leads to equation (14), first suppose that we have
the general case where the functions y;(x) that we are varying are solutions to
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the Euler-Lagrange equations, i.e., that f(y;,y,, x) satisfies the Euler-Lagrange
equations. Then the integral in equation (42) vanishes and we are left with

I(e) = I(0 —g[szﬂ“( Z 85)} (45)

i=1 3 Taq

But we just showed that under the transformation (43) the left hand side of this
equation vanishes (in the present case there is no sum on the right since we are
dealing with only one dependent variable y(x)), and hence using equation (44)

we are left with
) ()
T (f y Ty f Y 81/ Tq

NG

and therefore, since x, and z;, were arbitrary we have

f- y’% = const (46)
Y

which is just equation (14) as we wanted to show.

It is worth pointing out that if f is the Lagrangian L = T'—V of a system of
particles, then the independent variable is the time ¢ so (as we also mentioned
after equation (14)) the conserved quantity in this case is the Hamiltonian H =
#(0L/0x) — L := pi — L. And if (as is usually the case) H represents the total
energy H = T + V of the system, then we have shown that invariance of the
Lagrangian under time translation leads to the conservation of energy.

In summary, we have shown that the integral I = f f dx is invariant under
the particular transformation (43) and (44), and as a consequence we have the
conserved quantity defined by equation (46). We now state the generalization
of this result, called Noether’s theorem.

Theorem 3. Suppose the integral

Tp
I Z/ fyi e Yn Y1y Yo ) do
is invariant under the transformation
:Ui(x):yi<x)+Eni($7y1"'"ynvyjll""vy;) (47)

9_3:x+€£(xayla-"7ynay£a"'7y;z) (48)

by which we mean
9= [ @@ Tl@) T @), o) D) do = 1

Then there exists a first integral of the related Euler-Lagrange equations which

s given by
En = + &l f En yi == | = const. (49)
‘0 Loy

=1 g
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Proof. By hypothesis, the functions y;(x) are solutions to the Euler-Lagrange
equations, and hence equation (45) applies:

_ _g{Zm—Jfg( 2; 35/)]?

But by the assumed invariance of I, the left hand side of this equation vanishes
so that

" of P\ [ " of
[y slr-2isg)] - (S (-2

i=1 i=1

Since x, and x; are arbitrary it follows that

—~ of ( ~ ,Of )
==+ f— y; == | = const. |
; dy; ; Ay;

The term “first integral” is justified because, as we explained in our deriva-
tion of equation (14), the expression (49) is a first-order equation, in contrast
to the second-order Euler-Lagrange equation.

Also observe that in the case where £ = 0 (which corresponds to leaving the
independent variable alone), we obtain exactly the same result as we did at the
beginning of this section. In other words, leaving the independent variable alone
means the invariance of I is the same as the invariance of f.

Example 15. Consider a two-particle system where the potential energy de-
pends only on the vector joining the particles. Then the Lagrangian of this
system is given by

1 . ; . 1 . : ;
L= om(@] + 91 + ) + 5ma(d3 + 95 + 23) — V(£ — r2).

This Lagrangian is clearly invariant under the transformation (where i = 1,2)
t=t+ter Ti=z+e&i  Yi=yitem  Z=zte

with 7 =n; = (; = 0 and & = 1. In other words, L is invariant under spatial
translation in the z-direction.
Applying equation (49) we easily obtain (with the slight change in notation)
Z ¢, OL 8L OL o 4 i const
= my&1 + mads = con
Zaxl 8:1@1 61'}2 i 22

which is just the statement of conservation of linear momentum in the z-
direction. This result obviously applies to any one of the three directions, so
we see that translational invariance of the Lagrangian leads to conservation of
linear momentum.
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Example 16. Now consider a particle moving in a central potential V' (r) where
r=(z?+y%+ z2)1/2. Then the Lagrangian is given by

1
L= Em(zz’:2 + 9%+ 2%) - V(r)

and it is easy to see that this is rotationally invariant. Indeed, under a rotation
we have

3
Ty — EZ = E Qi T
j=1

where the orthogonal rotation matrix A = (a;;) satisfies ATA = I so that
P = 2?21(51')2 = 2?21(%)2 = r. This shows that the potential energy is
invariant under rotations. And since (a;;) is a constant matrix, it is also clear

that
. 3
EZ' = Z aij:i:j
g=1

so that Zle(fl)Q = 2?21(@)2 and kinetic energy is also invariant under rota-
tions.

For definiteness, consider a rotation by the angle € about the z-axis. This
corresponds to the transformation

t=t T =xcose +ysine Y= —xsine + ycose z=z.
Since we are considering infinitesimal transformations ¢ < 1, these become
t=t T=x+ey y=y—ex =g

so using the same notation as in the previous example, we have 7 = ( =0,{ =y

and 77 = —z. Plugging these values into equation (49) we obtain
OL oL . .
§—— +n— = myi — maxy = const
ot Y

which is just the statement that the z-component of angular momentum L, =
(r x p), = xpy — Yps is a constant.

You can repeat this calculation for rotations about the z- and y-axes to
see that L, and L, are also conserved. In other words, the invariance of the
Lagrangian under rotations leads to the conservation of angular momentum.

Summarizing the physics of what we have shown, the invariance (symmetry)
of the Lagrangian under translations in time, spatial translations and rotations
has lead to the conservation of energy, linear momentum and angular momentum
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respectively. These are specific examples of how Hamilton’s principle
05 =94 / Ldt=0

allows us to find conservation laws as a consequence of the invariance of the
action under various symmetry transformations.

10 Noether’s Theorem in Field Theory

We now turn our attention to formulating Noether’s theorem in 4-dimensional
spacetime. There are many ways to approach this result, and almost every text
follows a different method with different hypotheses, but they all seem to arrive
at essentially the same result. Because of this, we will prove the theorem from
more than one point of view so that when you run across it you should be able
to understand whichever approach that author is following.

Let us first consider the variation of a scalar field ¢ = ¢(x) where points
in spacetime are labeled by the point x. In other words, = stands for all four
variables ot = {20, 2!, 22,23} = {t,z,y,2}. We will show that if a system is
described by the Lagrangian

I— / &x ZL(d(x),0,6(x))

with the equation of motion

0% 0%
— =yl =——— =0
dp “<8((’“)H<p)>

then any continuous symmetry transformation that leaves the action

S:/Ldt:/$d4x

invariant implies the existence of a conserved current
Oug*(x) =0

with a “charge” defined by

Q) = / &z ()

which is a constant of the motion

aQ

dt

To begin with, we consider two types of variation. In the first case we vary
the field at a particular spacetime point:

¢(x) = ¢ (x) = ¢(x) + dp(x) or  d¢(x) = ¢'(x) — d(). (50)

0.
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The second case (which we call the “total variation”) varies both the field and
the point at which it is evauated:

¢(x) — ¢'(2') = ¢(z) + Ag(x) or Ag(z)=¢'(z') —d(x).  (51)
Of course we also have
v =x+or or 2=zt + szt (52)
It is easy (but important) to note that
00 = 0 (2) — Bud(a) = Du(¢ (z) — B(x)) = D,.00.
In particular, equation (50) yields (note the arguments are all = and not =)
0,06(x) = 60,6(x) = 0 (x) — Dy (x). (53)

It is trickier to find the analogous result for equation (51). First note that
(52) implies

ox'H
= 6h 4 0, 02" 54
Ore <« + x ( )
and hence the inverse matrix is given by
ox® o o

because to first order

ox'* Ox®
dx® oz’

= (0K + 0a02") (65 — 0,02%) = oY,
Using the notation ¢ ,(z) := d,¢(z) we have

A, = Ad () = 22D _ 99(a)

83:’# 8x#
= gj,i 5¢,(;; ) _ agif) (by the chain rule and (52))
6 «
= %601[(;5(:@ + ) + dp(x + dx)] — 3u¢(:v) (by (50))
- %%[qﬁ(a@) + Oy p(z)dx” + S¢p(z)] — Oup(z)  (expand to 1% order)

= (0, — 0u02%)[069(7) + 001 (2)02" + ¢, (2)0a 62" + Oadp ()] — 0uo ()
(by (55) and acting thru with d,)

= 0,0 + 0,002 + ¢,0,02" + 0,00 — a0, 02 — D, (to 1% order)
Cancelling terms we are left with our desired result

A6 () = 0,56(x) + D02 (56)
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It will also be useful to write (51) as follows:

Ap(x) = ¢'(2") — ¢(x) = ¢ (x + 0x) — ¢(x) = ¢' () + 0,9 (x)d2" — P(x)
= 0¢(x) + 0,0 (x)0zt = d¢p(x) + Oup(z) + dp(x)] ozt

or (to first order)
Ad(x) = 6p(x) + dup(x)dz". (57)

The total variation applied to the Lagrangian density . = £ (é(x), 0,¢(x))
yields &' = Z(¢'(2'),0,,¢' (")) where 0,¢'(z") = 9¢'(2")/0z. Our basic
hypothesis is that . remains invariant under this total variation, i.e. ¥’ = %,
and that the action also remains invariant, i.e. [d%2’ 2" = [d'z.#. But the
standard change of variables formula says d*z’ = |0z'/0z|d*z, so if ¥ = &,
then we must also have the Jacobian |9z’ /dx| = 1. In other words,

ox'

ox

ox'*
= _— = K H =
det (8900‘ > det (92 + 0q02") = 1.

(Of course, if we are dealing with a coordinate transformation that is simply
a Lorentz transformation (which is the most common situation), then a* =
A# 2 where ATgA = g and we automatically have |02’ /0x| = |det A| = 1.
This also follows from the fact that the invariant volume element is /|det g|d*=
where g = diag(1,—1,-1,-1).)

In any case, I claim this implies that

tr(0a02") = 902" = 0. (58)

To see this, simply note from the definition of determinant, we have for any
matrix A = (a;;)

det(I + A) = """ (815, + aniy ) (02i, + a2iy) -+ (6, + Ani,)

i1in
= """ (614, 0215+  Oniy, + Q14,02+ * * Ond,, + 014, Q245+ * Oy,
+ -+ 014 - On—1i,_,Qn4, + terms of higher order in a;;

+ a1i, @24y *+* Ani, )

P FIY
=gl 71511.1521.2 . 5’ﬂin + el na1i152i2 e 5’ﬂin
+ e 014, Ay - Oy, + o+ €T 0014, G,

+ terms of higher order in a;; + """ a4, a2i, - * - Gni,,

— detI—|— 5“2“."0411'1 4 5112...71&21_2 NI Elmnih"am‘n

+ higher order terms + det A
=det I + a1 + a2 + -+ - + any + higher order terms + det A
=1+trA+---4det A
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Thus if |a;j] < 1, to first order we have det(I + A) ~ 1 + tr A, and hence
det(I + A) = 1 implies tr A = 0 as claimed.

Before proving Noether’s theorem, let us briefly recall the usual derivation
of the Euler-Lagrange equation (33). In this case, we consider only variations of
the fields at a particular point x as in equation (50), not the spacetime points
x themselves. Then

6L =L (¢ (x),0,¢ (x) — L(p(x),0,0(x))

&iﬂ 0L
—0p+

967" g, 07
5.,? 0L
= 5500+ 55 0ubs
0% 0L
- [37 0 (%)]wm (fwﬁ) (59)

By hypothesis we have §S =6 [d'z ¥ = [d*z 6.2 = 0 where ¢ = 0 on the
bounding spacetime surface. Then the last term in (59) doesn’t contribute to
the integral and we are left with

L [0z (agﬂ B
[t [&b ~ 0\ a4, )00 ="

Since d¢ was arbitrary, we conclude that

0L 0L
o (8)0

Furthermore, it is easy to see that if we have multiple fields labeled by ¢", then
each field satisfies this equation also, i.e.,

0L 0L

Example 17. Consider the electromagnetic four-potential A* = (p, A) along
with the electromagnetic field tensor F), = 0,4, — 0,A, = —F,, and the
four-current J* = (p,J). Define the Lagrangian density

g-_tp_j.4
4
= —%(aﬂAu —0,A,) (0" AY — ¥ AF) — J, A

Here the fields A" correspond to the ¢".
Applying equation (61) we first easily find

0L
oan =

o7



Now for the term
5 0% _ o 0L
"\ 0(0,An) B aorAr) )

We just have to be a little bit careful and realize that the indices in £ are
dummy indices. Noting we can write daAs = gapgpr0”A* and so forth, we
have

—iﬁ _ _igapgm(aﬂm — 0MAP)(9° AP — 9P A%)
and therefore
1 oF? 1

Pt i TN A A AICR

A A o «
+ (0P AN — 0XAP)(5588 — 556%)]

1
— — (6262 - 8292)(0,Ax — DrA,)
+ (BaAp — D5 A0) (3568 — 505%)]
— —(Ohdly, = Al = =i

Using these results, the Euler-Lagrange equations become simply 0 F,, = J,
or, equivalently
O F" = J¥ (62)

which you may recognize as two of Maxwell’s equations.

To see this, first recall that we are using the metric g = diag(1, —1,—1,—1)
so that 9/0t = 9/02° = 9y = 9" and V' := 9/0x" = 9; = —0'. Using
E = -V — JA /0t we have

EizaiAO_aoAi:FiO
and also B =V x A so that
Bl:V2A3—V3A2:_82A3+63A2:_F23

plus cyclic permutations 1 — 2 — 3 — 1. Then the electromagnetic field tensor
is given by

0 -E' -E? -E3

i~ 0 -B? B?

2 B3 0 -B!

185 g B! 0

(Be sure to note that this is the form of F*¥ for the metric diag(1, —1,—1,—1).
If you use the metric diag(—1,1,1,1) then all entries of F*” change sign. In
addition, you frequently see the matrix F*, which also has different signs.)

For the v = 0 component of equation (62) we have J° = 9, F*0 = §,F° =
0; E* which is Coulomb’s law

P —

V- -E=p.
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Now consider the v = 1 component of equation (62). This is J! = 9,F" =
80F01 =F 82F21 aF 83F31 = —80E1 =F 8233 = 8332 = —8tE1 a4 (V X B)l and

therefore we have 9E
VxB—-—=1J.
ot

The last two Maxwell equations follow directly by taking the divergence of
B =V x A and the curl of E = —V¢ — 0A /0t i.e.,

V-B=0

and 9B
E+—=0.
V X E+ e 0

I leave it as an exercise for you to show that these last two equations can be
written as (note that the superscripts are cyclic permutations)

QHFT + 9 F7F + 9°FH =0

or simply
lrFvel = .

Now for Noether’s theorem. In this case we consider the total variation and
assume that it is a symmetry of %, i.e. &' = %. Recall that by definition we
have A¢ ,, = 0¢'(x')/0x'" — Op(x)/Ox* and therefore

9¢'(«) _
ox'H

0, ¢ (') = ud(x) + Ag .

Then we have
0=02=2(¢),0,0 ")) - L(d(x),0.6(x))
0% 0%

R T v
892” 0%
0 Oa 0x
9 55 (09 +0a0d2%) + 5 o

07 8L . 0% 0.7 .
:6—¢5¢+ (baa(b(sx 8%8 5¢+a¢u Oa®, 0
(since Dyd.a = 0t )
Y 0.7 0L 06 0L 96, - .
= #< )5¢+6¢H35¢+<6¢8 +5¢7M8x")5:€
(by (60) and 8, = /02

(0ud + 0up,a0x%) (by (56) and (57))

=0, (ﬁ 6¢> + %63@" (by the product and chain rules)
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=0, [%(Agb - ¢7a6xa)] + g#,0,Z 0z  (by (57))
00,

0L 0L
On [6% A G

(Note that g~ , = d%.)
Let us define the canonical energy-momentum tensor 7*, by

¢ 0z + g“af&co‘} (by (58)).

0%
T, = $o—9g" L 63
26, g (63)
and the current j* by
07
jH = Ao —TH, 0z, 64
"= o, ¢ (64)
Then we have shown that
oujt = 0. (65)

In other words, the current j# obeys a continuity equation, and is also referred
to as a “conserved current.”
We now define the charge @Q by

Q= 3z 5°.

all space

This charge is conserved (i.e., constant in time) because 9j° + 95" = 9p5° +
V - j =0 so that

dQ d 3. .0 3 -0 / 3 =
_ = — d = d = — d *
dt dt /all space v / ’ 80-] vV J

=— / dan-j
surface at oo

=0

where the last integral vanishes because the fields are assumed to vanish at
infinity. This then is the statement of Noether’s theorem. In other words, if the
Lagrangian is invariant under a symmetry transformation, then there exists a
conserved charge Q.

Note that from (57) we may also write j# in the form

0% R%
g = (66 4 ¢.a02%) — = o 03 + Lozt
8(}57# 8(25,#
0%
= 0p + ZLoxt.
efom
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In addition, if the fields have several components ¢,, then these would also be
summed over. For example, (using the summation convention on the index r
also)

0L
TFy = — ¢ — g" L. 66
o g (66)
and 5.9
= ———A¢, — TH, 0z, 67
"= ao ¢ (67)

Example 18. Let us first take a look at the simple case of translational invari-
ance, and derive the energy-momentum tensor directly. Under the translation

L Ly T

(where € is a constant) we can say in general that the Lagrangian will change
by an amount

58 =S — L =(0,L)" =0,(g"L)e".

On the other hand however, if .# is translationally invariant, then it can have
no explicit dependence on z# so that £ = Z(p,, dp,/0x*) and we can write

0% 0%
0L = —0p, + ——0dr,
Oy v 0Pr P
where
dpr = pr(z +€) — @r(x) = "0 0r(x) = €’ ory
and

0@r. 1 = 00upr = 0,0y = 0u(Ovipr)e” = Ouipre”.

(Remember that we sum over the index r, but its placement as a superscript or
subscript doesn’t make any difference.) Using equation (61) to replace the first
term in 0. we then find

0¥

0L
0. = 6# (%) (PT)VEV =F 8907“#8“(,07“/5’/

0% y
=0, <—3<Pr,ﬂ ‘an) €

Equating the general form for the variation of .Z with the specific form that we
just derived for translational invariance, and using the fact that €” is arbitrary,

we obtain y
a, | =—— —gbtZ | =0.
(e
Defining the canonical energy-momentum tensor
0L
T+, = %Sﬁr,u -9, Z
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we have the conservation equation
Gy, =0

which can also be written as
0, T = 0.

Note also that in general T"" is not symmetric, i.e., T"” # T"". We will have
some additional comments on this below.

To interpret T#| recall from particle mechanics that the momentum is de-
fined by p = OL/9q. For fields, we similarly define the canonical momentum
by
07

Aoy
The particle mechanics Hamiltonian is defined by H = Y p;¢; — L, and now we
have the Hamiltonian density

() :

H =1p—ZL

so that
H= / oz A

Let us define the 4-vector

PY = /d3:1c Y = /d3:1c [7r(2)8" pr(2) — g% Z).

This is a conserved quantity because from 8, T" = 9yT% + 9;T" = 0 we have

dﬁ; = §yP¥ = /d% AT = —/d% By

and changing to a surface integral at infinity this must vanish (since the fields
are assumed to vanish at infinity). Now observe that

T =np - L =u#

is the Hamiltonian density, and the Hamiltonian is then the spatial integral of
this:

H:/dgx%:/d3xT00:PO.

In other words, P is just the (conserved) total energy. Since the zeroth com-
ponent of a 4-vector is the energy, it follows that P¥ is in fact the energy-
momentum 4-vector for the field. This is the justification for calling T*" the
energy-momentum tensor.

62



Example 19. Recall from Example 13 that the Lagrangian for the Klein-
Gordon equation is

2 = 3 [(@up)(0%9) — m*e?).

The scalar field p(x) represents a spinless particle of mass m. By ‘scalar field’
we mean that it is invariant under a Poincaré transformation

x — " = AP, 2" + at.

In other words, ¢(z) — ¢'(2') = ¢(z) so that Ap(z) = 0.
In particular, let us first consider an infinitesimal translation z — x'* =
axH 4 et so dzt = e#. We have seen that (see Example 13)
0L
o,

:8”()@

and hence

0L
9(Oup)

= (@0)(O) — 50 [(ap)(0%9) ~m?]

T, = o —gt, =z

so the current becomes
= =T = (9)Oup)e” = 5 [(0ag) @) — mPe?]e
Note that the continuity equation (65) becomes
Oujt = —0,1T",e" = 0.
But the displacements € are all independent, and hence we have
0, " = 0.
From the previous example, the canonical momentum density is given by

"(@) = 5 = o007 = 040 = #(o)

Now consider an infinitesimal Lorentz transformation
t — 't = At = (g", +ety)at = at + et at.

For a Lorentz transformation we have 2/ = A*,z” along with :z:’“xL = zVz,
and together these imply
A“aAug = gag. (68)
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This is equivalent to (AT)a”gWA”g = gap Or simply
ATgA =g.

(This is sometimes taken as the definition of a Lorentz transformation, i.e.,
it leaves the metric invariant.) Substituting the infinitesimal transformation
AF, = gt +¢e*, into (68) and expanding to first order yields gog = gag+€as+
€8o and hence we have the important result that

Eap = —EBa- (69)

So now we have dxH = e#,z¥ or, equivalently, dz, = Eagilfﬁ .
The current is given by

= =", = —T“aaagxg

so using equation (69) we can antisymmetrize over o and (3 to write

. a,.0 1 a,.B B« 1 af

gt = =—THzPenp = 5(—T“ z¥ + THPx¥)eqp = §€a5%“
where we have defined

MPP = gOTHB _ B THe
Again, e, is arbitrary so we are left with the continuity equation
Oujt = 0, M"*P = 0.

The conserved ‘charge’ is now
MoP = /dgzjo = /d3z//{0aa = /dgx (T8 — £PT0)

where
MY = /d3x (:z:iTOj — ijOi)

represents the angular momentum of the field as the integral of an angular
momentum density. (Remember that P' = [ d3x T is the ith component of
the momentum of the field, so this is just like the classical expression L, =

Zipj — Jijz'-)

Observe that the energy-momentum tensor for the Klein-Gordon field can
be written as
T = (0"9)(0"¢) — g &

which is symmetric. While it is certainly not the case that T is symmetric
in general, it is nonetheless possible to define a symmetric energy-momentum
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tensor closely related to T*. To see this, define
M =TH 4 0, f7H

where f7" is any arbitrary function of the fields that is antisymmetric in its
first two indices : fo*” = — f#?. Then clearly

0,00 f7 =0

so that we also have
0,0" =0,T" = 0.

Furthermore, we see that

/d?’x@o”z/d?’x(TO”—i-(“)ngO”):/d3xTO”+/d3x8ifi0”
R R R R

:/d?’xTOV—i-/ daifio":/ Az T%
R R R

:PU

where we used the fact that f°°” = 0, and we used the 4-dimensional divergence
theorem to convert the volume integral to a surface integral where the fields are
assumed to vanish. If we choose f7*” in such a way as to make ©"" symmetric,
then we see that while the energy-momentum tensor is not unique, we can still
define a symmetric energy-momentum tensor that yields a unique 4-momentum,
and thus the energy and momentum of the fields remain unique.

There are a number of reasons for wanting the energy-momentum tensor to
be symmetric. One good reason is that this must be the case in order that the
angular momentum of the field be conserved. For the Klein-Gordon field we
have seen that the angular momentum density of the field is given by

PP = goTHB _ pBee
Then
Op " = 60TH0 + 229, TH0 — §0TH — P9, TH
_ Tozﬁ _ Tﬁoz

since 9,7+ = 0. But then 8#//1“0‘5 = 0 implies that we must have 7% = T8,

Another good reason comes from Einstein’s equation of general relativity.
This is

1 81G

Ry — ggwR ==z

Since both the Ricci tensor R, and the metric g,,,, are symmetric, we must also
have a symmetric energy-momentum tensor.

So much for scalar fields and spinless particles. What about particles with
spin? These are described by fields that have several components ¢, and def-
inite transformation properties under Poincaré transformations. To motivate

Ty -

65



our next example, recall that a Poincaré transformation consists of a Lorentz
transformation plus a displacement, and hence we may write a general variation
in x as

ot — g =t + oxt = aH + et at + at (70)

which represents an infinitesimal rotation ¢, (i.e., a Lorentz boost) plus a
translation a*. To motivate a reasonable form for the transformation of the
fields, recall (maybe, but the details here are unimportant anyway) from the
theory of the Dirac equation that the operator corresponding to an infinitesimal
Lorentz transformation A, = g#, + ¢, is given by
Z. v

S(A)=1- 55,“,2“
where X# = (i/4)(yH~Y — 4¥~4#") is a 4 x 4 complex matrix. Hence in the
infinitesimal case the Dirac spinors transform as (where 2’ = Az and we use the
summation convention on latin indices even though both are down)

(o) = 0a) = S0)rtelo) = (1= 20 ) 0a)

s

— () — %EHV(EHV)Tsws(x).

Example 20. Using the above discussion as a model, we assume that the
transformation (70) induces a corresponding change in the fields of the form
given by

1
(@) = ¢r(2") = &r () + Adr(2) = 6r(2) + 58,51 6s(2) (71)
wherele . ==,
We first consider a pure translation. This means €, = 0 so equations (70)
and (71) yield dz* = a* and A¢,(x) = 0. Then from (64) we have j* = —T*,a*
so that 0,,j" = 0 implies (since a® is arbitrary)

9, T"* =0
where
_ 02 96 _

The =
0¢ . 04

gL

We now define

0L 0¢
o 3 O __ 3 = Y O«
P—/d:cT _/dz(ﬁ(bpaxa g Z)

where

0.8 0%

905 05 "
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is the canonical momentum. Then
P? :/d?’x(mi)—x) :/d%%:ﬂ

which implies that 7% is the energy density, and

Piz/d%TOi:/d%wa%

which implies that 7% is the momentum density. Note also that each P® is
conserved because applying the divergence theorem yields

dP% . .
= / A3z 9T = — / dBx ;T = — / ds; T

and this also vanishes at infinity.
Now consider rotations. This means a” = 0 so that oz = &#,z” and
Ay (z) = 3, 5" ¢s(x). From (64) the current is given by

0Z 1
0¢ 1, 2

o

sagSo‘%s T“aeo‘gxﬁ.
Using (69) we can write
1 1
T“a{:‘agxﬁ = §(T’w‘5a5z6 —|—T“655axa) = §Eag(xﬁT“a — xaT“B)

and therefore

1 0L 1
i = Seap [ 5 S0s + (20T = aPTH) | 1= Seap ",
T, H

Define
MeP = / R ANEE / & (1 SeP bs + (T — 2P T°)]

and note
Mij — / [TI.TSU (bs ( iTOj _ x]TOz)]

so that we interpret 2'T% — xIT% as the orbital angular momentum density
and 7,.S% ¢ as the intrinsic spin angular momentum density of the field. Note
this shows that the scalar field ¢ satisfying the Klein-Gordon equation indeed
represents a spinless particle since its angular momentum tensor only contains
an orbital part.

Now, the derivation of equation (65) (with equation (64)) specifically re-
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quired that both the action and the Lagrangian density be invariant. However,
using a slightly different approach we can arrive at the same result by requiring
that the action alone be invariant.

So, with a somewhat different notation, let us consider the action

S = /d%ip(d),aﬂ(b)

and see what happens when we make the transformations

/
r —x

P(z) — ¢'(2') == F(g(x))-

We now have a new action S’ which we write out using the chain rule and
Jacobi’s formula for the change of variables:

S = / d*z' 2(¢'(2'),0,¢'(«))
_ / d's' L (F(p(x)), 8, F(6(x)))

oz’
= [ d*z| ==
/ . ox

Let us expand our transformations to first order in terms of a set of in-
finitesimal parameters w, as (using the summation convention on the index a
over whatever range is necessary)

ZL(F(d(x)), (0" [02")0, F (¢(x)))- (72)

' =zt +w, 5?)” = aH 4w X (73a)
L 6F
¢'(z") = F(o(x)) = o(x) + wam(x) = P(x) + waFa(). (73b)

It is important to realize that so far we assume that the w,’s can depend on z.
As we also saw earlier, the Jacobian and its inverse may be written as

ox'#
= o H
B 08 + 0y (we XE) (74a)
ox¥ y 5
W = 5H - 8#(WaXa) (74b)
so that

oz’

—_— = H

pe 14+ 0u(wa XE). (74c)
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Expanding to first order we have

ox¥ oz
00/ (a') = 5O F (@) = 522000 + waa)
= [0} = 0u(@aX)][00 + Dy ()]
=040 + Oy (waFa) — Ou(waXy)0yb. (75)

Using equations (73b), (74c) and (75) in (72) we expand S’ again to first
order in wy:

S"=/d4:v

= /d4:v 1+ Bu(wan‘)]{f@, Oud) + %wa}'@

0L v
+ m[aﬂ(wa.ﬂ) — 8#(waXa )8V¢]}

oz’

7 | 2@+ waFa, 040+ 0u(waFa) = Ou(wa X0 0)

=9+ / d*x {%wa}'a + ﬁ[au(wafa) — 0 (wa X2)0, )

D¢ 9(0u9)
+3ﬂ(waXf:)f}.
Therefore
o B 4 0% 0% 0%
05=5-9= /d x{[% —8#<6(Tm):|wafa+aﬂ(mwafa>
0L

— ——0, (W, XY)0, Ou(we X2 )gh L 5.
8(8#(25) M(w a) ¢+ H(w a)gu }
But the term in square brackets vanishes by the Euler-Lagrange equation (which
we assume that the fields satisfy) so we have

55 = /d% {aﬂ (%wﬂ) - {%m - gﬁZ] au(waXJ;)}

- [%am -t 2w (00x0) - [6(%)8@ - 2| X200

B 4 0L B 0% _ v
- [ x{a“(a@wf ) {a@ma"b 9 ] ‘9“X“}“’“

1 0L _[ 0L o } V}
+/d x{a(am)f“ 78(8#¢)8y¢ gh L\ XY pOuwe.  (76)
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Next comes the clever argument. Suppose that our transformation is global,
meaning that the parameters w, are constants. Then d,w, = 0 and the second
integral in equation (76) vanishes, so if we are to have §S = 0, then the first
integral must also vanish. But w, is an arbitrary constant, so it comes out of the
integral, and we conclude that the first integral must vanish. Now suppose that
we have the more general case where the transformation is arbitrary and local,
i.e., it could be that d,w, # 0. Note that a global transformation is a special
case of a local transformation. If the action is still to be invariant for arbitrary
Ouwa, then for those where w, is a constant we must have the first integral
(without including the constant w,) vanish. But this integral is independent of
wa, and since 0S5 = 0 for both constant and non-constant w,’s, it must vanish
identically no matter which type of w, we consider. Then we are left with only
the second integral, so for arbitrary 0,w, the rest of its integrand must vanish.

Let us write

6S=/d4:ng‘ Ouwa

where 5. 5.
T N A DY 77

= g~ g0 o

is called the current associated with the transformation. Integrating by parts
and assuming that the fields vanish at infinity we obtain

08 = —/d4x (Onjt)wa.

If we now assume that the fields obey the classical equations of motion (the
Euler-Lagrange equation) and the action vanishes for arbitrary (continuous)
position-dependent variations w,, then we have the conservation law

Oujhi =0

with the corresponding conserved charges
Q. = / GO dPx.

Equation (77) is essentially identical to equation (64). (The connection is da* =
we X and A¢ = w,F,. What we wrote as j* in equations (64) and (65) would
then apply to each individual and independent component a.)
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